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FK8024 - Advanced Relativity

November 16, 2017

Conventions
We will work in the concrete index notation, referring (mostly) to the tensors via their com-
ponents. So e.g. the metric tensor is referred to as gµν which are the components of the
metric gµνdx

µdxν in the one-form basis dxµ. If you get nervous, just remember that our
equations will be covariant and that the implicitly introduced basis is arbitrary. We will
often keep the space-time dependence implicit, only occasionally commenting on it.

Set up
Let’s work in the space-time (M, gµν) which is the differentiable manifold M together with
a Lorentzian metric gµν . In this space-time we consider a timelike non-geodetic curve C with
tangent vector tµ. The derivative of a vector field vµ on the curve in the tangent direction
of the curve is denoted with an overdot:

v̇µ := tρ∇ρv
µ. (1)

At each point, p, onM (and hence C) there exists a tangent space which we call TpM with
the same dimension as the manifold which is assumed to be 4. Since we have a Lorentzian
space-time, the basis of TpM can without loss of generality be assumed to consist of the four
basis-vectors {e0, e1, e2, e3} normalized such that

e0 · e0 = −1, e1 · e1 = +1, e2 · e2 = +1, e3 · e3 = +1 (2)

with the inner product defined by the metric. If we want to be very explicit with the fact
that these basis vectors only constitute a basis at a certain point, p, we may also include an
explicit space-time dependence in them, like e0(x). Note that this basis need not be a basis
induced by a coordinate chart.

Solution
Without loss of generality we let the tangent vector tµ be a basis vector of TpM. The curve
C is timelike so tµ is a timelike vector which we normalize to

tµt
µ = −1. (3)

One may also choose the parametrization of the curve such that
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tµṫ
µ = 0. (4)

Loosely speaking, tµṫ
µ denotes how much the tangent vector changes along the curve in the

tangential direction. One can show that this can be chosen to be zero by an appropriate
parametrization of the curve.

Since C is not a geodesic,

ṫµ 6= 0 (5)

per definition. Let

κ1n
µ := ṫµ (6)

define the so called normal vector nµ with non-zero proper acceleration κ1 ∈ R. Note that
we work only at the point p for the moment, which is however an arbitrary point. So in
general we may include a space-time dependence in κ1 and also in the vectors tµ and nµ

which are then vector fields and (6) would read κ1(x)nµ(x) := tµ(x). From (4) and (6) we
may note that

κ1 (tµn
µ) = 0 (7)

which implies

tµn
µ = 0 (8)

for a non-vanishing κ1. In other words, tµ and nµ are orthogonal and we choose it to be the
second basis vector of TpM. Since gµν is Lorentzian and tµ is timelike, nµ is spacelike (or
null) and, by redefinition of κ1, we normalize it to

nµn
µ = +1. (9)

From (9) we derive

0 = ṅµnνgµν + nµṅνgµν + nµnν ġµν = 2nµṅ
µ (10)

where the last equality used the fact that the covariant derivative of the metric is zero. Hence

nµṅ
µ = 0. (11)

Due to (8) we deduce

tµṅ
µ = −nµṫµ = −nµ (κ1n

µ) = −κ1 (12)

where we also used (6) and (9). We now have an expression for how the normal vector
changes along the tangential direction and in the normal direction. It may however also
have a non-zero component in another direction. Let’s define the so called binormal vector,
bµ, via

κ2b
µ := ṅµ − κ1tµ (13)
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so that

ṅµ = κ1t
µ + κ2b

µ . (14)

The scalar function κ2 is referred to as the torsion of the curve. The binormal so defined is
an orthogonal basis vector provided that tµb

µ = nµb
µ = 0. Now,

κ2 (tµb
µ) = tµṅ

µ − κ1 (tµt
µ) = −κ1 + κ1 = 0 (15)

where we used (3) and (12), and

κ2 (nµb
µ) = nµṅ

µ − κ1 (nµt
µ) = 0 (16)

where we used (11) and the fact that tµ and nµ are orthogonal basis vectors. Thus, bµ is an
orthogonal basis vector which is spacelike and we choose κ2 such that

bµb
µ = +1. (17)

For the same reason as nµṅ
µ = 0 it must also hold that

bµḃ
µ = 0. (18)

The evolution of the binormal along the curve in the other directions can be calculated using
in the same way as nµ was:

tµḃ
µ = −bµṫµ = −bµ (κ1n

µ) = 0 (19)

and

nµḃ
µ = −bµṅµ = −bµ (κ1t

µ + κ2b
µ) = −κ2. (20)

At this point we have determined the directional derivative of the binormal, ḃµ, in the tµ, nµ,
and bµ directions. Since we are analysing a four-dimensional space-time there is one basis
vector left to determine which we refer to as mµ. The directional derivative of the binormal
may also have a component in this direction. Let’s define mµ as

κ3m
µ := ḃµ − κ2nµ (21)

so that

ḃµ = −κ2nµ + κ3m
µ . (22)

We must check whether or not mµ is an orthogonal basis vector. The calculation is very
similar to the bµ case and

κ3 (tµm
µ) = tµḃ

µ + κ2tµn
µ = 0, (23)

κ3 (nµm
µ) = nµḃ

µ + κ2nµn
µ = −κ2 + κ2 = 0, (24)

κ3 (bµm
µ) = bµḃ

µ + κ2bµn
µ = 0. (25)

The basis vector mµ is normalized by choosing κ3 appropriately:
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mµm
µ = +1. (26)

Finally, the directional derivative of mµ in the different directions:

mµṁ
µ = 0 (27)

for the same reason as the other basis vectors. Furthermore,

tµṁ
µ = −mµṫ

µ = −mµ (κ1n
µ) = 0, (28)

nµṁ
µ = −mµṅ

µ = −mµ (κ1t
µ + κ2b

µ) = 0, (29)

bµṁ
µ = −mµḃ

µ = −mµ (−κ2nµ + κ3m
µ) = −κ3 (30)

which we again obtain with the same type of calculations as for the other basis vectors.
Hence

ṁµ = −κ3bµ . (31)

Now we have arrived at an orthonormal basis of the tangent space TpM, namely {tµ, nµ, bµ,mµ},
which is explicitly calculated by solving the differential equations marked in boxes above.
We can put the differential equations in matrix form:

ṫµ

ṅµ

ḃµ

ṁµ

 =


0 κ1 0 0
κ1 0 κ2 0
0 −κ2 0 κ3
0 0 −κ3 0




tµ

nµ

bµ

mµ

 . (32)

This is a coupled set of four first order ordinary differential equations in four variables. The
matrix is diagonalizable which can be used when solving this set of ODEs explicitly.

We may note that the metric in this basis takes the form

gµν = −tµtν + nµnν + bµbν +mµmν . (33)

Another way to write this is

gµν = EA
µηABE

B
ν (34)

where EA
µ are so called vierbeins corresponding to gµν

E0
µ := tµ, E1

µ := nµ, E2
µ := bµ, E3

µ := mµ. (35)

We can also note that the metric stays the same under a (local) Lorentz transformation
among the vierbeins, i.e. under

EA
µ → ΛA

BE
B
µ (36)

due to the invariance of the Minkowski metric under Lorentz transformations.
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