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Conventions
We will work in the concrete index notation, referring to the tensors via their components. So
e.g. the metric tensor is referred to as gµν which are the components of the metric gµνdx

µdxν

in the one-form basis dxµ. Since we are analysing a concrete solution of Einstein’s equations,
namely an FLRW metric, we may even argue that it is advantageous to use the concrete
index notation.

Set up
Let’s state the problem. The Friedmann model for a closed universe (k = +1) filled with
dust only (T µν = diag(−ρ(t), 0, 0, 0)) has the metric

ds2 = a2(η)
(
−dη2 + dχ2 + sin2 χdΩ2

)
, a(η) =

am
2

(1 + cos η) . (1)

Consider round spheres centred around the north poles of the 3-spheres. When are they
trapped? As a comment we may inform the reader that the spatial part of this metric is
the round metric on the 3-sphere of radius a with 0 < χ < π, 0 < θ < π, and 0 < φ < 2π
being angular coordinates on this sphere. In other words, this is the induced metric that the
3-sphere obtains when embedding it in a 4-dimensional Euclidean space, just like the round
metric on the 2-sphere is induced by embedding a 2-sphere in a 3-dimensional Euclidean
space. Note also that the scale factor, a, will be zero at η = ±π but non-zero in between.
Hence the range of the η coordinate is −π < η < π, but this is enough to model the universe
from big bang to big crunch.

Solution
There are several ways to solve this problem. We take an approach where the connection
to the physical interpretation is obvious. At each instant of time, i.e. at each η, let’s flash
2-spheres of light centred around the north pole as shown in Fig. 1. Each photon, of which
these 2-spheres consists, will travel on a null geodesic of constant θ and φ, i.e. they will
follow curves given by

0 = ds2
∣∣
dθ=dφ=0

= a2(η)
(
−dη2 + dχ2

)
(2)

and hence the geodesic equation can be written
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Figure 1: The 3-sphere with one dimension suppressed (i.e. a 2-sphere); the longitudinal
curves (blue) are curves of constant φ and the latitudinal curves (red) are curves of constant
χ. The null geodesics will travel on the longitudinal curves (blue). The red curves are 2-
spheres centred around the north pole. In other words, when we imagine flashing a shell of
light centred around the north pole it will be one of the red circles in the figure, continuing
to travel towards the north pole if ingoing and towards the south pole if outgoing.

dχ

dη
= ±1 (3)

where it must be understood that η and χ in (3) are not coordinates of a generic point
in space-time but the coordinate functions representing the curve of a null geodesic. To
completely avoid possible confusion we can write the following coordinate representation of
a null geodesic:

xµ = qµ(σ) (4)

with qµ(σ) being four functions of the curve parameter σ.1 The drawback with this notation
is that the expressions will appear a little bit messy, but we appreciate that it trumps the
non-ambiguity of the equations. In this notation

0 = ds2
∣∣
dθ=dφ=0

= gµν
dqµ

dσ

dqν

dσ
dσ2

∣∣∣∣
dθ=dφ=0

= a2(η)

(
−
(
dqη

dσ

)2

+

(
dqχ

dσ

)2
)

(5)

and hence (3) becomes

dqχ

dσ
= ±dq

η

dσ
. (6)

1Note that due to the spherical symmetry, it is understood that we use the same parametrisation on each
one of the null geodesics considered. Furthermore, we let the parametrisation be such that σ is monotonically
increasing towards the future.
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The two roots have an immediate physical interpretation. The minus sign represents a sphere
of light flashed inwards towards the north pole and the plus sign represents a sphere of light
flashed outwards away from the north pole. A solution of (6) is

qχ = ± (qη − ηem) + χem (7)

where χem is the longitude of the 2-sphere of light flashed at time η = ηem (i.e. χem labels
the latitudinal curves marked as red in Fig. 1). To be overly clear, at each point in time and
at each longitude we flash a 2-sphere of light that will propagate in the space-time. Each
of these light shells are labelled by the time of emission, ηem, and the longitude of emission,
χem. Note that for the purpose of finding the apparent horizon, we’re only interested in the
outgoing null shell, i.e. positive sign. The area of the null shell labelled (ηem, χem) is given
by

Aηem,χem =

∫
dθdφ

√
gθθgφφ

∣∣
η=qη ,χ=qχ

= 4πa2 (qη) sin2 (qη − ηem + χem) . (8)

The time derivative (i.e. with respect to qη) tells us how fast the area grows or shrinks with
time. Hence, if we evaluate this derivative at the time of emission, i.e. qη = ηem, and put to
zero, we obtain the extremal points where the area turns from growing to shrinking, or vice
versa. The surface defined by the points where the area is momentarily static and turns from
growing to shrinking is the apparent horizon. An exercise in high school calculus reveals that

dAηem,χem

dqη

∣∣∣∣
qη=ηem

= 8πa2m cos3
(ηem

2

)
sinχem cos

(
χem +

ηem
2

)
. (9)

The interesting extremal points are obtained by putting the last factor to zero upon which
we get

χem +
ηem
2

= ±π
2

+ 2πn, n ∈ Z. (10)

In order to obtain a χem in the range (0, π) for −π < ηem < π, we choose the plus sign and
n = 0. Thus,

χem =
1

2
(π − ηem) . (11)

To be careful, we also note that the second derivative of the area with respect to time is
always negative for qη = ηem which means that the surface really defines the apparent horizon
where the spherical light shells turn from growing to shrinking.

To summarize, we have found that if we flash spherically symmetric light shells centred
around the north pole of the 3-spheres, the area is momentarily constant at the moment
that we flash the light, i.e. at η = ηem, if the longitudinal coordinate of the light shell is
χ = χem = (π − ηem) /2.
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Figure 2: Penrose diagram of a closed (k = +1) dust FLRW universe. The dashed lines
represent the big bang and big crunch singularities, and the dash dotted lines are marked
out since they are the north pole and south pole. Every point in the diagram is a 2-sphere.
The apparent horizon is marked in red and there is one outgoing null geodesic starting from
the north pole in the beginning of time and one null geodesic starting from the south pole
in the beginning of time.
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