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Abstract

The Wehrl entropy is the entropy of the probability distribution in phase
space corresponding to the Husimi function in terms of coherent states. We
explain the significance of the Wehrl entropy in quantum information theory,
and present the theory behind the Lieb conjecture, which states that, in finite
dimensions, the minimum Wehrl entropy occurs for Bloch coherent states.
This was proven by Lieb and Solovej in 2012.

We present the theory behind coherent states, with a particular emphasis
on Bloch coherent states, and give a geometrical representation of quantum
states as points on a sphere. Using this representation, we identify spherical
arrangements of 2–9 points that maximize the Wehrl entropy locally. We
conjecture that these maxima are in fact global. Furthermore, we investi-
gate how the maximally entangled symmetric states are related to the states
corresponding to maximal Wehrl entropy.
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Sammanfattning

Wehrlentropin är den entropi som ges av den sannolikhetsfördelning i fas-
rummet som motsvarar Husimifunktionen i termer av koherenta tillstånd. Vi
förklarar Wehrlentropins betydelse inom ämnet kvantinformation samt te-
orin bakom Liebs förmodan. Enligt denna antar Wehrlentropin för ändliga
dimensioner sitt minsta värde för Bloch-koherenta tillstånd. Liebs förmodan
bevisades av Lieb och Solovej 2012.

Vi presenterar teorin bakom koherenta tillstånd, med särskild betoning på
Bloch-koherenta tillstånd, och representerar kvantmekaniska tillstånd geomet-
riskt som punkter på en sfär. Med hjälp av denna representation identifierar
vi sfäriska arrangemang av 2-9 punkter som lokalt maximerar Wehrlentropin.
Vi förmodar att dessa maxima även är globala. Vidare undersöker vi samban-
det mellan de maximalt snärjda symmetriska tillstånden och de tillstånd som
motsvarar maximal Wehrlentropi.
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Chapter 1

Introduction

In the past 50 years the entropy concept has become increasingly important in in-
formation theory, which is one of the foundations of quantum information. One im-
portant feature in quantum information is entanglement, which refers to the strong
quantum correlations that two or more quantum particles can possess. Another
feature is uncertainty, which lies at the heart of quantum theory. The uncertainty
in classical information theory is present due to a lack of total information. Quan-
tum uncertainty, on the other hand, does not arise due to a lack of information,
but is rather a fundamental uncertainty inherent in nature itself, arising from the
Heisenberg uncertainty principle.

In this work we focus on entropy as a measure the coherence of a system, that
is, a measure of how classical a system is. One might expect a measure of the
entropy of a quantum system to be very different from the classical measure of
entropy, because a quantum system possesses not only classical uncertainty but
also quantum uncertainty. However, the density operator captures both types of
uncertainty, which allows probabilities for the outcome of any measurement on the
system to be determined. Thus a quantum measure of uncertainty should be a
direct function of the density operator, just as the classical measure of uncertainty
is a direct function of a probability density function [30].

There are several quantum information measures, such as the von Neumann
entropy which determines how much quantum information there is in a quantum
system. However, the von Neumann entropy becomes zero for all pure states, and
can therefore not be used in discriminating between them. Instead the Wehrl en-
tropy [19] is chosen as a classicality measure. Wehrl used coherent states to define
the Wehrl entropy as a new concept of the classical entropy of a quantum state.
These are, in a sense, the most classical quantum states. In a geometric represen-
tation of a state of spin j as 2j points on a sphere, a coherent state corresponds to
coinciding points.

The Wehrl entropy is minimized by the coherent states [15]. As the system
becomes more quantum, meaning that the points on the Bloch sphere spread further
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2 CHAPTER 1. INTRODUCTION

apart, the Wehrl entropy increases. The purpose of this investigation is to maximize
the Wehrl entropy. We define the most non-coherent states, which are the ’most
quantum’ states, as the states for which maximum Wehrl entropy occurs. These
most non-coherent states correspond to spherical arrangements of points that are
as far away from each other as possible. Thus the resulting problem consists of
distributing the points so that the Wehrl entropy is maximized, at least locally.
In solving this problem we utilize the fact that if the eigenvalues of the Hessian
at a critical arrangement are all negative, then that arrangement yields a local
maximum.

Before dealing with this problem we will review some basic concepts. We be-
gin our study in Chapter 2 by defining the Bloch sphere and deriving the stellar
representation, which is a one-to-one correspondence between pure quantum states
and points on a sphere. In Chapter 3 we introduce the coherent states, with an
emphasis on the Bloch coherent states, and explain some of their properties.

Moving on to our actual investigations in Chapter 4, we shall begin by describing
the Wehrl entropy and the Lieb conjecture. Here the stellar representation is used
to represent states by points on a sphere. By means of the Stellar representation we
present spherical arrangements of 2-9 points on the unit sphere that maximize the
Wehrl entropy. This is the main goal of the thesis. We also compare the spectra for
the von Neumann entropy and Wehrl entropy, and show that the most non-coherent
states correspond to maxima in both entropies.

In Chapter 5 we explore the maximally entangled symmetric states of 2-9 qubits
and their amount of geometric entanglement, and investigate how these states are
related to the states corresponding to maximal Wehrl entropy. Chapter 6 consists
of a summary and conclusion of this thesis.



Chapter 2

Background Material

We begin this chapter by defining and discussing some basic concepts that will be
needed in chapters to come. We provide a fairly brief review of a visualization of
a state space and present the idea of representing points in the complex projective
space CPn as stars on a sphere. The material covered in this chapter can be found
in Refs. [1–5].

2.1 Basic Concepts

Bloch Sphere Representation

In this section we introduce the Bloch sphere, which is a spherical representation
of the physical states described by a two-dimensional Hilbert space, also known as
a two-level system or a two-state system. A two-level system can be mapped onto
a spin-1/2 system by assigning one state to the eigenstate with eigenvalue +1/2
(spin up) and the orthogonal state to the eigenstate with eigenvalue −1/2 (spin
down). An interesting property of a spin-1/2 system is that it can be interpreted
as a qubit of spin up in some direction. From this it is clear that the space of all
qubits constitute a sphere, i.e. ’the set of all directions’.

A general pure state in a two-level system can be built from a superposition
of a spin-up and spin-down state. We present how the set of all normalized pure
states in the two-dimensional Hilbert space can be represented by the surface of a
sphere, i.e. the Bloch sphere. We then continue by explaining the relation between
pure states and points on the Bloch sphere.

Consider the superposition state

|ψ〉 = ψ1|0〉+ ψ2|1〉. (2.1)

This can be represented by a point on a unit sphere defined by a unit vector n, where
a spin-up state corresponds to the north pole and a spin-down state corresponds
to the south pole. The state is specified by the relative amplitude and phase of its
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two components (we ignore the normalization factor and overall phase). These two
parameters can be mapped to the spherical coordinates θ and φ,

|ψ〉 = ψ1|0〉+ ψ2|1〉 = ψ1 (|0〉+ z|1〉)

∼ cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉, 0 ≤ θ < π, 0 ≤ φ < 2π, (2.2)

which specify the direction of n. Thus the superposition state |ψ〉 can be interpreted
as a spin pointing in the (θ, φ) direction, with its antipodal point representing the
opposite state. We note that the complex number z = ψ2

ψ1
= eiφ tan θ

2 can take any
value in the extended complex plane C∞ = C ∪ {∞} and, in particular, for ψ1 = 0
we have that z =∞.

It is natural to interpret (2.1) as the spin state of a spin-1/2 particle like the
electron. Then |0〉 and |1〉 are the spin-up and spin-down states along a particular
axis, such as the z-axis. As a result, the point where n meets the sphere could
equally well be viewed as an eigenstate with eigenvalue +1/2 for a spin oriented
along the spatial direction n.

Stereographic Projection

We now establish a one-to-one correspondence between the Bloch sphere and the
extended complex plane C∞ by means of stereographic projection. Here a point
on the sphere with coordinates (θ, φ) will be projected to the complex number
z = tan θ

2e
iφ, and its antipodal point to −1/z∗.

We start by considering a unit sphere with coordinates X = sin θ cosφ, Y =
sin θ sinφ and Z = cos θ centered at the origin of the complex XY-plane, for which
Z = 0. The idea is to parametrize the cartesian coordinates of the sphere in terms
of the coordinate z = x+ iy in the complex plane, so that

X = X(x, y), Y = Y(x, y) and Z = Z(x, y).

The cartesian coordinates are

X =
2x

1 + r2
, Y =

2y

1 + r2
and Z =

1− r2

1 + r2
(2.3)

with x2 + y2 = r2, and with

X2 + Y2 + Z2 =
(2x)2 + (2y)2 +

[
1− (x2 + y2)

]2
(1 + x2 + y2)2

= 1 (2.4)

as required for a unit sphere. A projection from the Bloch sphere, minus the point
at the south pole, onto the equatorial complex plane Z = 0 which we identify with
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Figure 2.1: Stereographic projection in the XZ-plane.

the complex plane by z = x+ iy, is given by the conformal map

f : S2 → C

f(X,Y,Z) =

(
X

1 + Z
,

Y

1 + Z

)
= (x, y) (2.5)

f−1(x, y) =

(
2x

1 + r2
,

2y

1 + r2
,

1− r2

1 + r2

)
= (X,Y,Z) . (2.6)

It is now possible to define the stereographic projection in terms of spherical coor-
dinates

z = x+ iy =
X + iY

1− Z
= tan

θ

2
eiφ. (2.7)

The metric is given by

ds2 = dX2 + dY2 + dZ2 =
4

(1 + r2)2
dz2, (2.8)

where X2 +Y2 +Z2 = 1. This is the Fubini-Study metric, or Fubini-Study distance,
which has a physical interpretation of the statistical distance between quantum
states. The Fubini-Study distance can be regarded as the length of the geodesic
curve connecting two arbitrarily chosen points corresponding to two states.

The general expression for a state is

|ψ〉 =

n∑
k=0

Zk|ek〉 = [Z0;Z1; ...;Zn], (2.9)

where {|ek〉} is a set of orthonormal basis vectors for the Hilbert space and Zk =
[Z0;Z1; ...;Zn] is the standard notation for a point in the projective space CPn in
homogeneous coordinates. Homogeneous coordinates [Z0;Z1; ...;Zn], or projective
coordinates, are a system of coordinates used in projective geometry. In this system
geometric objects can be given a representation as elements based on [Z0;Z1; ...;Zn].
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As long as not all Z0, Z1, ..., Zn are equal to zero, any point in the projective
space can be represented by [Z0;Z1; ...;Zn]. Then, given two points |ψ〉 = Zk and
|φ〉 = Wk in the N -dimensional projective space CPN−1, the Fubini-Study distance
between them is defined as

DFS = arccos

√
|〈ψ|φ〉|2
〈ψ|ψ〉〈φ|φ〉

= arccos

√
ZαW̄αWβZ̄β

ZαZ̄αWβW̄ β
. (2.10)

Here Z̄α is the complex conjugate of Zα. To treat the case when |ψ2〉 = 0 we have
to extend the complex plane C by adding a point at infinity. The obtained set
C∪{∞} = C∞ is the aforementioned extended complex plane. Consequently there
is a one-to-one mapping between all points z in the extended complex plane and
the Bloch sphere.

Visualizing the State Space in Higher Dimensions

Our state space may be viewed as a complex projective space if the number of
dimensions of the Hilbert space is finite. Then a pure state in the N -dimensional
Hilbert space HN , described by a vector |ψ〉 in CN , is also a point in the projective
space CPN−1. The standard convention is to assume that |ψ〉 = Z0|0〉 + Z1|1〉 +
...+ ZN−1|N − 1〉 is a unit vector and ignore its global phase. For Z0 6= 0 we have
an equivalence relation

|ψ〉 ∼ n0|0〉+ n1eiφ1 |1〉...+ nN−1eiφN−1 |N − 1〉,

where ni ≥ 0 and n2
0 + n2

1 + ... + n2
N−1 = 1. One can think of each equivalence

class as a complex line through the origin in CN , or a complex one-dimensional
subspace. These subspaces form a complex projective space CPN−1, where the
superscript N − 1 = n stands for the complex dimension of the space. Thus there
is a one-to-one correspondence between points in CPN−1 and physical states of an
N -level quantum system.

Consider the case of N = 2, whence a pure state is a point in CP1. Ignoring
the global phase and normalization factor, the state becomes

|ψ〉 = n0|0〉+ n1eiφ1 |1〉

= cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉, (2.11)

which equals (2.2) and where 0 ≤ θ < π and 0 ≤ φ < 2π are the normal spherical
coordinates. As earlier stated, the set of all such vectors constitute the Bloch
sphere. In other words, for N = 2 the corresponding projective space CP1 is equal
to a sphere.

It is difficult to visualize CPn in higher dimensions, since it no longer has the
form of a sphere. Already for n = 2 the visualization of the projective complex



2.2. THE STELLAR REPRESENTATION 7

Figure 2.2: Visualization of the projective space CP2

space becomes much more complicated. In this case CP2 corresponds to the space
of complex lines through the origin in C3.

However, it is possible to visualize CPn in real terms by means of the stellar
representation. The idea is then that vectors in CPn+1 are in one-to-one correspon-
dence with the set of nth degree polynomials, which in turn can be represented by
points on a sphere. This will be explained in next section.

2.2 The Stellar Representation

In this section we present the relation between vectors in the state space and points
on a sphere, i.e. we show that we may regard points in the complex projective space
CPn as unordered sets of n = N − 1 points on a Bloch sphere [2–4]. By analogy,
this is similar to stars on a celestial sphere, and hence the points are sometimes
called stars. Therefore this relation is called the stellar representation, also known
as the Majorana representation.

We derive the polynomial associated with each vector in a simple example,
discuss how this is related to a rotation operator and describe the context in which
a rotation of the state vector corresponds to a rotation of the sphere. Of particular
interest to us are the coherent states, which correspond to coinciding stars on the
sphere, and the maximally non-coherent states, which we will try to define as stars
that are as spread out as possible. We will, however, not be able to deal with these
very effectively until we reach Chapter 3 and Chapter 4, in which we describe the
coherent states and non-coherent states respectively.

State Vector Polynomial

Let us associate a polynomial to each vector in Cn+1, and the roots of that poly-
nomial to the corresponding point in CPn. The roots are the stars on the celestial
sphere. The idea is that there is a one-to-one correspondence between vectors in
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Cn+1 and the set of nth degree polynomials in one complex variable z by setting

p(z) = Znz
n + Z1z

n−1 + ...+ Z0. (2.12)

By rescaling the vector Zk so that Zn = 1, we see that the points in CPn will be
in one-to-one correspondence with unordered sets of n complex numbers, namely
with the complex roots w1, w2, ...wn of the polynomial

p(z) = Znz
n + Zn−1z

n−1 + ...+ Z1z
1 + Z0

= Zn(z − wn) · (z − w2) · ... · (z − wn). (2.13)

The complex roots w1, ..., wn of the polynomial can be represented as sets of n stars
on a 2-sphere through stereographic projection. Degenerate roots are allowed, and
if Z0 = 0 then infinity counts as a root.

We regard points in the complex projective space CPn as quantum states. Dis-
tances and areas in CPn are invariant under only certain projective transforma-
tions, namely the unitary transformations. Since the phase factor is irrelevant, it
is enough to study the special unitary group SU(N). By doing so, we may restrict
the transformations acting on the 2-sphere to the distance preserving subgroup
SU(2)/Z2 = SO(3). The next step is to show that an SU(2)-transformation cor-
responds to an ordinary rotation of the sphere upon which we have placed our
stars.

SU(2)-Transformation

We represent a state that is an eigenstate of n ·L with eigenvalue m by j+m points
at the point where n meets the sphere, and j −m points at the antipode. In this
case a state of spin ’up’ in the direction given by the unit vector n is represented
by n = 2j points at the point where n meets the sphere. L is the orbital angular
momentum.

Let us study the rotation of the state by Lx in a simple example. Consider a
spin j = 1 particle and place two points at the positive intersection between the
x-axis and the sphere, the so-called ’east pole’, for which θ = π

2 and φ = 0. The
polynomial in this example is given by

p(z) = aZ2z
2 + bZ1z + cZ0. (2.14)

In stereographic coordinates the east pole is at z = 1. The east pole polynomial
then becomes

p(z) = (z − 1)2 = z2 − 2z + 1. (2.15)

The eigenvector of Lx with eigenvalue +1 is Zk = (1,
√

2, 1). If this is to equal (2.15),
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we must choose conventions for the coefficients of the polynomial as following:

p(z) = z2 − 2z + 1

≡ Z2z
2 −
√

2Z1z + Z0

⇒


Z0 = 1

Z1 =
√

2

Z2 = 1.

Computing rotations by Ly and Lz yield the same results. After similar calculations
we see that to any point in CPn, given by the homogeneous coordinates Zk, we
want to associate the n+ 1 unordered roots of the polynomial

p(z) ≡
n∑
k=0

(−1)kZk

√(
n

k

)
zn−k. (2.16)

Thus if we apply a rotation operator to a point in CPn, the effect is a rotation of
the sphere containing the n points by the angle θ around the axis directed along
the vector (sinφ, cosφ, 0) normal to the z-axis and to the vector n. This implies
that the action of the SU(2)-matrix upon the state vector |ψ〉 = [Z0, ...,Zn]T given
by SU(2)|ψ〉 is the same as a rotation of the stars on the celestial sphere. Note that
the conventions for the coefficients of the polynomial have been adjusted so that it
corresponds to the desired rotations.

We have thereby arrived at the stellar representation, in which points in CPn
are represented by n unordered stars on a sphere. A state for which the n roots
of the polynomial are equal is called a coherent state, which we will discuss in the
next chapter.





Chapter 3

Coherent States

The main purpose of our investigation is to maximize the Wehrl entropy. To this
end we study coherent states and their properties. We first introduce the canonical
coherent states and some of their properties and thereafter define the Bloch coherent
states analogously. The material presented here can be found in Ref. [1, 6, 7].

3.1 Canonical Coherent States

In this section we present the canonical coherent states, also known as Glauber co-
herent states. They are the quantum states whose dynamics most closely resembles
the dynamics of classical systems. Some of their most important properties are the
following:

• The coherent states saturate the Heisenberg inequality.

• The coherent states are eigenvectors of the annihilation operator.

• The coherent states are obtained from the ground state by a unitary action
of the Heisenberg-Wehl group and may thus be regarded as an orbit.

• The coherent states are complete in the sense that any state can be obtained
by superposing coherent states. They constitute an overcomplete set because
they are much more numerous than the elements of an orthonormal set would
be, and are therefore not orthogonal and do overlap.

• The coherent states resolve the identity operator.

Consider a Hilbert space H with position and momentum operator given by q̂
and p̂ respectively. The Heisenberg algebra of the operators is defined by [q̂, p̂] =
i~1, where ~ is the Planck constant and 1 the identity operator. From now on we
set ~ = 1 and rescale the operators q̂ and p̂ so that they are dimensionless. The

11



12 CHAPTER 3. COHERENT STATES

position and momentum operators can be expressed in terms of the annihilation
and creation operators a and a† of the harmonic oscillator:

q̂ =
1√
2

(a+ a†), p̂ = − i√
2

(a− a†).

We now introduce minimum-uncertainty states, which are states that saturate
the Heisenberg inequality

(∆q̂)(∆p̂) ≥ 1

2
, (3.1)

where the variance is given by the square of uncertainty (∆X̂)2 = 〈z|X2 − 〈X〉2|z〉
with 〈X〉 = 〈z|X|z〉. This inequality is saturated by coherent states and squeezed
states, which may be regarded as the ’least quantum’ or ’most classical’ quantum
states.

Coherent states are minimum-uncertainty states with variances equal to those
of the vacuum state, i.e. their product equals the minimum value allowed by the
Heisenberg uncertainty principle. In this case the uncertainty in position and mo-
mentum form a circular uncertainty region in phase space.

Squeezed states [9] are a general class of minimum-uncertainty states. A state
is said to be squeezed if one of its variances become smaller than the square root
of the minimum-uncertainty product. The uncertainty in position and momentum
for squeezed state form an elliptic uncertainty region in phase space.

The states which are the closest to classical states are those that not only sat-
urate the uncertainty relation, but also for which the uncertainty of position and
momentum are equal, i.e. form a circular region in phase space. This is true for
coherent states, but not for squeezed states. Thus coherent states are the most
classical quantum states.

In Chapter 4 we will introduce the Wehrl entropy, which presents a good measure
of how much ’coherence’ a given state has. The Wehrl entropy can be regarded as
a classicality measure, and attains its minimum for coherent states.

Heisenberg-Weyl Group

The canonical coherent states form a subset of states that can be reached from a
special reference state through transformations belonging to the Heisenberg-Weyl
group. In other words they constitute an orbit under the action of the Heisenberg-
Weyl group. This group acts irreducibly on the Hilbert space, which is infinite
dimensional for the canonical coherent states, unlike the Hilbert space for the Bloch
coherent states which is finite dimensional.

Let us form the unitary group elements Û(p, q) = ei(pq̂−qp̂) and define the vac-
uum state |0〉 as the state that is annihilated by â. The canonical coherent states
are defined as |p, q〉 = Û(p, q)|0〉, with the vacuum state serving as the reference
state and where q and p are coordinates on the space of coherent states. Then the
set of coherent states can be viewed as an orbit obtained from the ground state |0〉



3.1. CANONICAL COHERENT STATES 13

by means of a unitary group action. Bloch coherent states can be defined in an
analogous way (see Section 3.2).

Let us trade q̂ and p̂ for the creation and annihilation operators. Using the
formula

exp(Â) exp(B̂) = exp(
1

2
[Â, B̂]) exp(Â+ B̂) = exp([Â, B̂]) exp(B̂) exp(Â),

which is valid whenever [Â, B̂] commutes with Â and B̂, and defining the complex
coordinate

z =
1√
2

(q + ip), (3.2)

the coherent states can be expressed as

|p, q〉 = |z〉 = eza
†−z̄a|0〉. (3.3)

The coherent state |z〉 is an eigenvector of the annihilation operator a with
eigenvalue z,

a|z〉 = z|z〉, (3.4)

and with 〈z|a† = z̄〈z|. From this equation follows that f(a)|z〉 = f(z)|z〉 for an
analytic function f . This is known as the Fock-Bargmann representation, which is
a projection of a state |ψ〉 onto the coherent states |z〉. It is defined as the scalar
product of the normalized vector |ψ〉 =

∑∞
n=0 cn|n〉 in the Hilbert space with the

coherent states |z〉 = e−
|z|2
2

∑∞
n=0

zn√
n!
|n〉, namely

〈z̄|ψ〉 = φ(z) ≡ e−
|z|2
2

∞∑
n=0

cn
z̄n√
n!

= e−
|z|2
2

∞∑
n=0

cnfn(z̄)

= e−
|z|2
2 ψ(z̄) (3.5)

where fn(z) = zn√
n!

and {|n〉} are the Fock number states.

Resolution of Identity

There are two important facts which follow from the irreducibility of the group
representation of coherent states. The first is that the coherent states are complete
in the sense that any state can be obtained by superposing coherent states. In fact
they form an overcomplete set, which means that there are at least two of the states
in the family that are not linearly independent.

Second, the coherent states satisfy the resolution of the identity given by

1

π

∫
d2z |z〉〈z| = 1

2π

∫
dq dp |q, p〉〈q, p| =

∞∑
i=0

|ei〉〈ei| = 1. (3.6)
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Note that (3.6) is similar to the completeness relation
∑N
i=1 |ei〉〈ei| = 1, 〈ei|ej〉 =

δij , for an orthonormal basis, in which the sum has been replaced by an integral
over the phase space. Apart from an overall numerical factor, (3.6) follows from the
fact that the operator on the left-hand side commutes with the Heisenberg-Weyl
group element Û(p, q).

3.2 Bloch Coherent States

In this section we derive the Bloch coherent states, also known as spin coherent
states, similar to how we derived the canonical coherent states, but with the SU(2)
group instead of the Heisenberg-Weyl group. We show that Bloch coherent states
are constructed utilizing the standard representation of angular momentum oper-
ators and the unitary irreducible representation of the rotation group SU(2). Our
Hilbert space will be any finite-dimensional Hilbert space in which SU(2) acts ir-
reducibly.

Consider a spin system of fixed total angular momentum j, j = 0, 1
2 , 1,

3
2 , ....

Let J = (Jx, Jy, Jz) denote the usual angular momentum operators with cyclic
commutation relations [Jx, Jy] = iJz, [Jy, Jz] = iJx and [Jz, Jx] = iJy where ~ = 1.
We select the basis vectors |j,m〉 as eigenvectors of the commuting pair of operators
J2 = J2

x + J2
y + J2

z and Jz. Then the angular momentum eigenstates of J2 and Jz
are defined by

J2|j,m〉 = j(j + 1)|j,m〉
and Jz|j,m〉 = m|j,m〉,

where m = −j,−j + 1, ..., j − 1, j. The angular momentum eigenstates |j,m〉, also
known as the Dicke states, form an orthonormal basis in the Hilbert space HN , with
the quantum number m interpreted as half the difference between the number of
excited and unexcited spins. The eigenvalues j(j+ 1) of the operator J2 determine
the dimension N = n+ 1 = 2j + 1 of HN , with n being the total number of spins.
For n = 2j, the physical system may be regarded as a collection of n two-level
atoms instead of a spin system of total spin j.

The raising and lowering operator J± = Jx + iJy act on the basis through

J+|j,m〉 =
√

[(j −m)(j +m+ 1)|j,m+ 1〉

and J−|j,m〉 =
√

[(j +m)(j −m+ 1)|j,m− 1〉.

Here the highest excited state |j, j〉 and the ground state |j,−j〉 are defined by
J+|j, j〉 = 0 and J−|j,−j〉 = 0 respectively. These operators together with Jz are
generators of the rotational group SU(2).

As stated above, the canonical coherent states form an orbit under the action
of the Heisenberg-Weyl group. In a similar way the set of Bloch coherent states
is an orbit under the action of the SU(2) group. By choosing the reference state
|j, j〉, which has spin up along the z-axis, the set of Bloch coherent states become
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states of the form D|j, j〉, where D is the Wigner rotation matrix. The reference
state is described by the vector [1, 0, 0, ...] when using the standard representation
of the angular momentum operators (Appendix A). Then the coherent states are
described by the first column of D.

Let us choose the following parametrization for the rotation operator:

D = ezJ−e− ln(1+|z|2)Jze−z̄J+eiτJz . (3.7)

With this parametrization the coherent states may be expressed as

|z〉 = D|j, j〉 = ezJ−e− ln(1+|z|2)Jze−z̄J+eiτJz |j, j〉. (3.8)

We can prove this statement using 2 × 2 matrices, and it will be true for all rep-
resentations. Note that (3.7) is a general SU(2)-matrix, with the complex number
z being a stereographic coordinate on the sphere. Since the Wigner matrix is a
representation of the SU(2) group, it rotates the quantum mechanical states it acts
upon.

Our reference state |j, j〉 is a fixed point in CPn under transformations of eiτJz ,
so when the factor eiτJz acts on |j, j〉 the only contribution to the coherent states
is that of an overall constant phase. We choose this overall phase to be zero. Using
the Pauli matrices in Appendix A, (3.8) can be written

|z〉 =
1

(1 + |z|2)j
ezJ− |j, j〉. (3.9)

Since the reference state is annihilated by J+, the complex conjugate z̄ only enters
the expression for coherent states in the normalization factor. Taking into account
that the ladder operator J− is a lower triangular matrix, it is straightforward to
express the coherent state in component form. To show this we use the series
expansion for the matrix exponential

ezJ− =

∞∑
k=0

(zJ−)k

k!
=

j∑
m=−j

zm+j

(m+ j)!
Jm+j
− (3.10)

together with the recursion relation

Jj+m− |j,−j〉 =

√
(2j)!

(j −m)!

√
(j +m)!|j,m〉 (3.11)

which yields the following expression for the coherent states

|z〉 =

j∑
m=−j

zm+j

(1 + |z|2)j

√(
2j

j +m

)
|j,m〉. (3.12)
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Using z = tan θ
2e
iφ a coherent spin state can be written in terms of the angles θ

and φ in the standard spherical coordinate system

|z〉 = |θ, φ〉 ≡
n∑
k=0

|k〉

√(
n

k

)(
cos

θ

2

)n−k (
sin

θ

2
eiφ
)k

. (3.13)

Ignoring the normalization factor, the non-normalized homogenous coordinates are
given by

Zk = (1,
√

2jz, ...,

√(
2j

j +m

)
zj+m, ..., z2j).

Resolution of Identity

One of the requirements for coherent states is that there should exist a resolution
of identity, so that an arbitrary state can be expressed as a as a linear combination
of coherent states. This must be true also for Bloch coherent states, for which the
resolution of identity is

(2j + 1)

∫
dΩ

4π
|z〉〈z| =

j∑
m=−j

|j,m〉〈j,m| = 1 (3.14)

with the rotationally invariant measure given by

dΩ = sin θ dθ dφ =
4rdrdφ

(1 + r2)2
, (3.15)

where we have used polar coordinates z = reiφ. To show this, we rewrite the
coherent states for z = reiφ,

|z〉 =

j∑
m=−j

rm+jeiφ(j+m)

(1 + r2)j

√(
2j

j +m

)
|j,m〉, (3.16)

and use the fact that the integral of the complex exponential becomes a Dirac delta.
After shifting the index in the summation so that it starts from zero and setting
j +m = k, we find that the summation factor equals one, that is

2j∑
k=0

(
2j

k

)
r2k

(1 + r2)2j
=

(1 + r2)2j

(1 + r2)2j
= 1. (3.17)

Inserting this result into (3.14) gives the the resolution of identity.
We also require that coherent states saturate an uncertainty relation such as

j ≤ ∆2 ≤ j(j + 1). (3.18)
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Here ∆2 is a measure for uncertainty

∆2 = (∆Jx)2 + (∆Jy)2 + (∆Jz)
2 = 〈J2〉 − 〈Ji〉〈Ji〉, (3.19)

which is invariant under SU(2) and takes the same value for all states in a given
SU(2) orbit in the Hilbert space. The generators Ĵi are given by the classical phase
space functions

Ji(θ, φ) = 〈z|Ji|z〉 = jni(θ, φ) (3.20)

for which ni(θ, φ) is a unit vector pointing in the direction labelled by the angles
(θ, φ). One can prove that the lower bond in (3.18) is saturated only for Bloch
coherent states [13].

Recall that the idea in Section 2.2 was to associate a polynomial to each vector
in the complex space CPn and regard the roots of that polynomial as unordered sets
of n+ 1 stars on a sphere through the stellar representation. In this representation
Bloch coherent states are distinguished by being the only states for which all stars
are located in a single point.





Chapter 4

Wehrl Entropy

In this chapter we present states corresponding to spherical arrangements of points
that maximize the Wehrl entropy. To find these arrangements we introduce the
Husimi Q-function following Refs. [1,15,16], explain how it allows us to reconstruct
the quantum states through their overlaps with the set of coherent states, and
discuss some of its geometrical properties. We present the Wehrl entropy in terms
of the Husimi function and give a short description of the Lieb conjecture [15],
which states that the Wehrl entropy attains its minimum for coherent states. We
describe the problem of distributing points on a sphere in order to optimize some
function depending on the positions of the points, and identify the configurations
for which local maxima of the Wehrl entropy occur. Furthermore, using part of the
proof of the Lieb conjecture [25], we give a geometric illustration of how quantum
channels for coherent states majorize all other quantum channels.

4.1 Husimi Function

The attempts to find a description of quantum states that are similar to classi-
cal states have given rise to several functions in phase space, such as the Wigner
function and the Husimi function. These functions allow for the representation of
quantum states by quasiprobability distributions in phase space.

The Wigner function permits a direct comparison between classical and quan-
tum dynamics. In the case of coherent states as well as for squeezed states, the
Wigner function takes the form of a Gaussian. Generally, however, it is not a
positive function and therefore not a probability distribution, even though it is
normalized.

To overcome this shortcoming the Husimi Q-function is introduced, which is
defined in a way that guarantees it to be non-negative and gives it a probability
interpretation. The Husimi function is a smoothed Wigner function with high fre-
quency behavior suppressed. Unlike classical probability distributions, it is bounded

19
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from above. We will study the Q-function for the SO(3)/SO(2) = S2 orbit, i.e. the
Bloch coherent states.

We start by presenting the Bargmann function. Consider a Hilbert space HN
of dimension N = n + 1 = 2j + 1 with basis states |ek〉 = |j,m〉. A general pure
state in HN can be written in the form

|ψ〉 =

n∑
k=0

Zk|ek〉 (4.1)

and a normalized Bloch coherent state in the form

|z〉 =
1

(1 + |z|2)n/2

n∑
k=0

√(
n

k

)
zk|ek〉. (4.2)

Here Zk is a component of a normalized vector and zk is the complex number
z = tan θ

2e
iφ raised to the power k.

We now introduce the Bargmann function

ψ(z) = 〈ψ|z〉 =
1

(1 + |z|2)n/2

n∑
k=0

Z̄k

√(
n

k

)
zk, (4.3)

which is defined as the overlap of a state with the set of coherent states. Note that
this is (up to a factor) an nth order polynomial uniquely associated to any state.
As a result it can be factorized

ψ(z) =
Z̄n

(1 + |z|2)n/2
(z − ω1)(z − ω2)...(z − ωn). (4.4)

In Section 2.2 we discussed the correspondence between the state vector polynomial
p(z) = Zn(z − ω1)(z − ω2)...(z − ωn) and stars on a sphere. Since the Bargmann
function is uniquely characterized by the zeroes ωi of the polynomial (4.4), it can be
represented by stars on the celestial sphere. The zeroes of the Bargmann function
are always antipodally placed with respect to the stars. In the case of a coherent
state |z0〉 the Bargmann function is

ψz0(z) = 〈z0|z〉 =
z̄n0

(1 + |z|2)n/2(1 + |z0|2)n/2

(
z +

1

z̄0

)n
. (4.5)

When we compare this to the polynomial p(z) = (z − z0)n describing a coherent
state, we find that w0 = −1/z̄0.
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We now define the Husimi function for Bloch coherent states as the square of
the absolute value of the Bargmann function,

Qψ(z) = |〈ψ|z〉|2

=
1

(1 + |z|2)n

(
n∑
k

Z̄k

√(
n

k

)
zk

)(
n∑
k′

Zk′

√(
n

k′

)
z̄k
′

)

=
|Zn|2

(1 + |z|2)n
|z − w1|2|z − w2|2...|z − wn|2. (4.6)

It is clear that Qψ(z) is positive. Furthermore, since the integral of Qψ(z) over
phase space equals one,

n+ 1

4π

∫
dΩQψ(z) = 1 (4.7)

it provides a genuine probability distribution on the sphere. This can be shown by
inserting the square of (4.3) into (4.7) and expressing z in complex polar coordinates
z = reiφ (cf. (3.16)).

The Husimi function is bounded from above. Its maximum value determines
the minimum distance between |ψ〉 and the orbit of coherent states |z〉. This is
given by the Fubini-Study distance between |ψ〉 and |z〉, DFS = arccos

√
κ, where

κ = |〈ψ|z〉|2 = Qψ(z). The physical interpretation of the Husimi function is as the
projection of the wave function ψ onto coherent states, which are localized in phase
space (q, p) with a minimum product of the uncertainties ∆q, ∆p.

4.2 Wehrl Entropy

In this section we finally present the Wehrl entropy. We define it for the Husimi
Q-function and give a short description of the Lieb conjecture, which was recently
proved by Lieb and Solovej [25]. The Lieb conjecture states that the Wehrl entropy
attains its global minimum for Bloch coherent states.

Lieb Conjecture

The concept ’entropy’ was created by Rudolf Clausius in 1864 [18]. According to
Clausius, the entropy change of a system is obtained by an infinitesimal transfer
of heat to a closed system driving a reversible process, divided by the equilibrium
temperature of the system. The concept of entropy was later clarified by Lud-
wig Boltzmann, who dealt with the mechanical theory of heat in connection with
probabilities.

In information theory, entropy is the average information needed to specify the
outcome of a series of experiments for which the outcome is a random variable. The
term usually refers to the Shannon entropy

S(P ) = −k
∑

pi ln pi, (4.8)
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where k is a positive number that we usually set equal to 1. The Shannon entropy
is a function of a probability distribution P for a finite number N of possible
outcomes, that is, a vector ~p whose N components obey pi ≥ 0 and

∑
i pi = 1.

It can be interpreted as a measure of the uncertainty about the outcome of an
experiment that is known to occur according to the probability distribution P .

The entropy of a quantum system as a natural generalization of the classical
entropy was proposed by von Neumann. The quantum entropy, or von Neumann
entropy, is the quantum analog of the Shannon entropy that captures both classical
and quantum uncertainty in a quantum state. It is defined by

S(ρ) = −Tr ρ ln ρ = −
N∑
i=1

λi lnλi (4.9)

where ρ =
∑N
i=1 λi|ei〉〈ei| is a density matrix with eigenvectors |ei〉 and where N

is the rank of ρ. Hence the von Neumann entropy is the Shannon entropy of the
spectrum of ρ.

Like the Shannon entropy, the von Neumann entropy is interesting due to its
appealing properties. Some of its most important properties are

• Positivity: The von Neumann entropy is non-negative for any density operator
ρ.

• Minimum value: The minimum value of the von Neumann entropy is zero,
and it occurs when the density operator is a pure state.

• Concavity: The von Neumann entropy is concave in the density operator:

S(ρ) ≥
∑
x

pX(x)S(ρx)

where ρ ≡
∑
x pX(x)ρx. The physical interpretation of concavity is the same

as for classical entropy, i.e. entropy can never decrease under a mixing oper-
ation.

The von Neumann entropy varies from zero for pure states to lnN for maxi-
mally mixed states. Recall that we regard entropy as a classicality measure, which
measures how much ’coherence’ a system has. However, the minimum value of
the von Neumann entropy is given by a pure state, regardless of whether the state
is coherent or not. This does not agree with our definition of coherent states |z〉
as minimum uncertainty states, for which the entropy should attain its minimum.
Clearly this is not true for the von Neumann entropy, which is minimized by all
pure states.

To solve this problem Wehrl used the coherent states to define a new concept of
classical entropy of a quantum state. According to Wehrl, this ’classical’ entropy, or
Wehrl entropy, of a quantum system is the entropy of the probability distribution
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in phase space, corresponding to the Q-function of a quantum state in terms of
coherent states. Wehrl conjectured [20] that the Wehrl entropy is minimized by
coherent states, i.e. the states that saturate the Heisenberg uncertainty inequality.
In 1978 this was proven by Lieb [15], who showed that the Wehrl entropy attains a
minimum value of 1 for canonical coherent states and that a state that minimizes
SW must be a pure state. At the same time Lieb conjectured that the extension
of Wehrl’s entropy to Bloch coherent states of all the irreducible SU(2) spin repre-
sentations would yield a minimum entropy of n/(n+ 1), where n is the number of
spins in the system.

The Wehrl entropy for Bloch coherent states is defined by

SW (|ψ〉〈ψ|) ≡ −n+ 1

4π

∫
Ω

dΩQψ(z) lnQψ(z), (4.10)

where Qψ(z) is the Husimi function defined in Eq. 4.6. It follows from concavity
of −x lnx that a minimizing density matrix must be a pure state, i.e. ρ = |ψ〉〈ψ|
for a normalized vector |ψ〉. The generalized Wehrl conjecture, or Lieb conjecture,
states that

SW (|ψ〉〈ψ|) ≥ n

n+ 1
=

2j

2j + 1
(4.11)

with equality if and only if |ψ〉 is a coherent state. The bound is trivial for spin
j = 1/2, in which case every state is a Bloch coherent state, but non trivial already
for j = 1.

In 1988 Lee showed [16] that the Wehrl entropy of a coherent spin state is a local
minimum and thereby partially confirmed the Lieb conjecture. Lee also introduced
a general expression for the Wehrl entropy of an arbitrary maximum total spin state
as a finite series expansion in terms of symmetric functions described in (4.14),
which we will use to calculate the local maxima of SW .

In 1999, eleven years later, Schupp proved [17] the Lieb conjecture for the Wehrl
entropy of Bloch coherent states for spin j = 1 and spin j = 3/2, utilizing a geomet-
ric representation of a state of spin j as 2j points on a sphere. In this representation
the Husimi function factorizes into a product of 2j functions, which measures the
square chordal distance from the antipode of the point parametrized by z, to each
of the 2j points on the sphere. Schupp used the geometric representation to solve
(4.10) for states of arbitrary spin and prove the Lieb conjecture for low spin by
actual computation of the entropy.

In 2004 Bodmann showed [21] that the conjecture holds in the limit of large n,
i.e.

SW ≥ n ln

(
1 +

1

n+ 1

)
. (4.12)

However, in general the Lieb conjecture remained open for almost 35 years until
Lieb and Solovej proved it in 2012 [25]. This will be described further in section
4.6.
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We now present the geometric representation of a spin state. Let (θi, φi) be
the direction of a unit vector (the coordinate of a point on the surface of the unit
sphere). An arbitrary pure state of an n-spin system with maximum total spin can
be characterized by the locations of n points on the unit sphere, as presented in
Section 2.2. Then a convenient way to rewrite the Husimi function (4.6) is as the
product of n individual distributions

Q(z) = knσ(z, ω1)σ(z, ω2)...σ(z, ωn) (4.13)

where kn is some normalization factor independent of z and

σ(z, ω) ≡ |z − ω|2

(1 + |z|2)(1 + |ω|2)
=

1− cos d

2
= sin2 d

2
=
d2

ch

4
, (4.14)

for which d is the geodesic distance and dch is the chordal distance between the
two points z and ω. Because of rotational invariance we can assume without loss of

Figure 4.1: Chordal distance between two arbitrary points z and ω on a sphere.

generality that the first point is at the ’north pole’ of the sphere, ω = 0, and that
the second point is parametrized by z = tan θ

2e
iφ. As a result the function σ(z, ω)

can be written

σ(z, ω) = σ

(
tan

θ

2
eiφ, 0

)
≡
| tan θ

2e
iφ − 0|2

1 + | tan θ
2e
iφ|2

=
1− cos θ

2
,

which is one quarter of the square of the chordal distance dch between the two
points. We have thereby showed the first part in (4.14), i.e. that σ(z, ω) ≡ (1 −
cos d)/2. To show the last part in (4.14), that is (1 − cos d)/2 = (d2

ch)/4, we refer
to Fig. 4.1. Here simple geometry tells us that σ(z, ω) is one quarter of the square
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of the chordal distance dch between the two points, assuming that the sphere is of
unit radius.

In this representation we can now solve the entropy integral (4.10) for all spins,
essentially because the logarithm breaks up into a sum of symmetric functions. In
effect

SW (|ψ〉〈ψ|) ≡ −n+ 1

4π

∫
Ω

dΩQ(z)

(
ln kn +

n∑
i=1

ln (σ(z, ωi))

)
, (4.15)

where we have expressed SW in terms of symmetric functions kn and σ(z, ωi) of
the squares of the chordal distance, with the function σ(ωi, ωj) given by

σij ≡ σ(ωi, ωj) =
|ωi − ωj |2

(1 + |ωi|2)(1 + |ωj |2)
. (4.16)

In the particular case of a coherent state, the n roots of its state vector polynomial
are identical, so the n points on the unit sphere in the geometric representation
coincide. This in turn implies that σij = 0 for any par of unit vectors, whereupon
the Wehrl entropy equals SW = n/(n + 1). This agrees with the Lieb conjecture,
that is SW = n/(n + 1) when all the n roots of its probability Q-function are
identical, i.e. the n points on the unit sphere coincide.

The following question now arises: what happens when we perturb the system,
so that the n points on the unit sphere spread out a little? To answer that we
study the Husimi function for the Dicke states |ψk〉 (Section 3.2), which are states
that have a single component Zk = 1 and all others equal to zero. In this case the
Husimi function is

Q|ψk〉(z) =

(
n

k

)
|z|2k

(1 + |z|2)n
=

(
n

k

)(
cos

θ

2

)2(n−k)(
sin

θ

2

)2k

(4.17)

after switching to polar coordinates z = tan θ
2e
iφ and with index k = j −m. Here

the points are placed at the north pole (z = 0) and south pole (z = ∞) of the
sphere respectively. For k = 0 ⇒ m = j, all points coincide at the north pole,
which corresponds to a coherent state. For even n and k = n/2 ⇒ m = 0, the
function is concentrated in a band along the equator. Consequently the Husimi
function tends to be more spread out the more non-coherent a state is.

In the upcoming sections we discuss how this affects the Wehrl entropy. We
show that the Wehrl entropy increases as the points on the sphere spread further
apart and attains a maximum for the most non-coherent states, i.e. when the points
on the unit sphere are as far as possible from one another. We define the states
for which the Wehrl entropy attains a maximum as the ’most quantum’ states.
Our basic problem, i.e. maximizing the Wehrl entropy, then consists of distributing
points on a sphere in order to optimize some function (the Wehrl entropy) which
depends on the positions of the points. Note that the distribution of points that
corresponds to an optimized value of the function may not be unique, even though
the criterion that the points are as far as possible from one another remains.
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4.3 Problem Description

In this section we describe the problem of distributing points on a sphere in order to
optimize some function depending on the positions of the points. Given a number
of points n, our basic problem is to choose the unique spherical arrangement of n
points on the unit sphere determined by extremal values of some function of the
arrangement. Examples of such functions are described in classical problems such as
the Thomson problem [22] and the Toth problem [23]. In order to find the spherical
arrangements that maximize the Wehrl entropy we study the configurations that
solve the functions described in the Thomson problem, the Toth problem and in
the article [24] ’Quantifying Quantumness and the Quest for Queens of Quantum’
(QQ), and investigate if these give local maxima to the Wehrl Entropy. Our method
of solution is based on computer supported analytical calculations and intelligent
estimations.

If we want to place n points on the circumference of a circle so that they are as far
away from each other as possible, we should place them at the vertices of a regular
n-gon. The platonic solids are three dimensional analogues of regular polygons and
thus it is natural to conjecture that they correspond to optimal configurations for
the relevant values of n. Since we restrict our investigations to 2-9 points, we only
consider the tetrahedron, the octahedron and the cube as possible solutions out of
the five platonic solids.

A characteristic of optimization problems on the sphere is that they have many
local extreme values. Therefore it is usually difficult to prove that a certain ar-
rangement of points gives a global maximum or minimum. This difficulty emerges
not only in our solution method, but also in an eventual numerical analysis. Hence
we will concentrate our efforts to finding local maxima, i.e. identifying what angles
θ and φ that maximize SW . It is however likely that our local maxima also are
global maxima.

One could use a purely numerical approach to this optimization problem. Such
an analysis would consist of dividing the sphere into a finite number of area ele-
ments, making an initial guess of a point in one of the area elements (θi, φi), and
then vary the positions of the surrounding points until a (local) maximum is found.
In theory a search through all configurations of {(θi, φi)}ni=1 could yield more than
one maximum, which would falsify the assumption that our estimated maximum is
global. The more precise the discretization is, the more values of (θi, φi) have to
be considered, and the longer time the investigation takes. Furthermore, we might
still miss a maximum due to a too rough discretization.

We do not consider a numerical analysis of the Wehrl entropy in this thesis.

Description of the Thomson, Toth and QQ Problems

In the Thomson problem we consider n point charges which are confined to the
surface of a sphere and interact with each other through Coulomb’s inverse square
law. The desired distribution is that which minimizes the potential energy. In
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the Toth problem, n points have to be arranged on a sphere so that the minimum
pairwise distance becomes maximal. In the QQ article, a quantumness measure
defined as the Hilbert-Schmidt distance from the state ρ to the set of classical
states (which is the convex hull of spin coherent states) is introduced in order to
quantify how quantum an arbitrary mixed spin-j quantum state ρ is. The problem
in this case consists of optimizing the quantumness measure.

Defining an expression for the Wehrl Entropy for the angles θi
and φi corresponding to n points on the unit sphere

Recall that the Husimi function can be written in terms of symmetric functions
kn and σ(z, ωi) of the squares of the chordal distance, with the function σij =
σ(ωi, ωj) given by (4.16). By expressing the unit vectors ωi and ωj in stereographic
coordinates, we can expand σij in terms of θ and φ as

σ(ωi, ωj) =
| tan θi

2 e
iφi − tan

θj
2 e

iφj |2

(1 + tan2 θi
2 )(1 + tan2 θj

2 )

= 1
2 −

1
2 cos θi cos θj − 1

2 sin θi sin θj cos(φi − φj). (4.18)

Since the angles are defined as a change ∆xi added to a fixed angle xi0, xi =
xi0 + ∆xi, we can rewrite (4.18) as

σ(ωi, ωj) = 1
2 −

1
2 cos(θi0 + ∆θi) cos(θj0 + ∆θj)

− 1
2 sin(θi0 + ∆θi) sin(θj0 + ∆θj) cos(φi0 − φj0 + ∆φi −∆φj). (4.19)

In order to maximize SW , we have to identify the parameters θi, φi, ∆θi and ∆φi
for the arrangement of n points on the sphere. The Wehrl entropy (4.10) in polar
coordinates is defined as

SW ≡ −
n+ 1

4π

∫ π

0

dθ sin θ

∫ 2π

0

dφQρ(θ, φ) ln [Qρ(θ, φ)] (4.20)

for a coherent spin state |z〉 = |θ, φ〉 where θ and φ are two angles in the stan-
dard spherical coordinate system. Using the fact that the logarithm factorizes the
integral, we can rewrite (4.20) as (cf. (4.15))

SW (|ψ〉〈ψ|) = −
∫ π

0

dθ sin θ

∫ 2π

0

dφQρ(θ, φ)

(
ln kn +

n∑
i=1

ln [σ(ωi, ωj)]

)
. (4.21)

Inserting (4.19) into (4.21) yields an expression for the Wehrl Entropy that depends
on the angles θi and φi corresponding to n points on the unit sphere. By evaluat-
ing the integrals as in Ref. [16] we obtain the following expression for the Wehrl
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entropy1

SN = KN

[N/2]∑
m=0

(−1)m
(N −m)!

N !

(
N+1∑

l=N−m+1

N

l
− 2m

)
DN
m


+KN

[N/2]∑
m=0

N−2m−1∑
n=2

(−1)m+1 (N −m− n)!(n− 2)!

N !
ENm,n

− lnKN . (4.22)

This expression is given in terms of various symmetric functions of the squares of
the chordal distances, namely

DN
m =

N∑
i1=1

N∑
j1>i1

N∑∗

i2>i1

N∑∗

j2>i2

...

N∑∗

im>im−1

N∑∗

jm>im

σi1j1σi2j2 ...σimjm

ENm,n =

N∑
i1=1

N∑∗

j1=1

N∑∗

j2>j1

...

N∑∗

jn>jn−1

N∑∗

k1=1

N∑∗

l1>k1

N∑∗

k2>k1

N∑∗

l2>k2

...

N∑∗

km>km−1

N∑∗

lm>km

σij1σij2 ...σijnσk1l1σk2l2 ...σkmlm .

and

K−1
N =

[N/2]∑
m=0

(−1)m
(N −m)!

N !
DN
m where [N/2] =

{
N/2 if N is even
N−1

2 if N is odd.

We thus have an expression for SW which we can maximize with respect to θi and
φi. The configurations for which the Wehrl entropy is maximized are shown (albeit
somewhat rotated) in Tables 4.1 and 4.2.

The second derivative test is a useful criterion for determining whether a given
critical point of a function of one variable is a local maximum or not. It states that
if the first derivative of the function is zero at a critical point x, and if the second
derivative less than zero at x, x is a local maximum. For a function of more than one
variable, the second-derivative test generalizes to a test based on the eigenvalues of
the function’s Hessian matrix at the critical point. If the eigenvalues of the Hessian
at the critical point are all negative, then the critical point is a local maximum.
Hence we study the eigenvalues of the Hessian of SW , with the first derivatives ∆θ
and ∆φ equal to zero. All eigenvalues are negative for the optimal arrangements
given in Tables 4.1 and 4.2, which shows that the corresponding Wehrl entropy is
(at least locally) maximized.

1Eq. (3.19) in Ref. [16] contains a misprint
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4.4 Optimal Arrangements

Recall that a general pure state can be written in the form (2.9), where we use
|ek〉 = {|j,m〉} as our set of orthonormal basis vectors for the Hilbert space and
n = 2j. We now consider a state that is represented by j + m2 points where n
meets the sphere, j + m1 points at the antipode and a band of ∆m = m1 − m2

points around the sphere at some angle θ. Without loss of generality we can assume
that this corresponds to j +m2 points at the North pole and j +m1 points at the
South pole. We also assume that there are ∆m = m1 − m2 points around the
equator. Note that for constant latitude, the band of ∆m points make up vertices
in a regular polygon.

The corresponding polynomial is given by

w(z) = zj+m1 − zj+m2

(
tan

θ

2
eiφ
)∆m

. (4.23)

Since (4.23) must equal the polynomial (2.16),

2j∑
k=0

(−1)kZk

√(
2j

k

)
z2j−k = zj+m1 −

(
tan

θ

2
eiφ
)∆m

zj+m2 ,

we find that the only nonzero coordinates are the terms for which the exponents
are equal, that is 2j − k = j + m1 and 2j − k = j + m2. Thus the only non-zero
coordinates are

Zj−m1
=

(−1)j−m1√(
2j

j−m1

) and Zj−m2
=

(−1)j−m2+1
(
tan θ

2eiφ
)∆m√(

2j
j−m2

) ,

and the state is then given by

|ψ〉 =

2j∑
k=0

Zk|j,m〉 = Zj−m1
|j,m1〉+ Zj−m2

|j,m2〉. (4.24)

The state does not change when multiplying with a constant factor. Hence we
can simplify (4.24) by multiplying it with (−1)j+m1

√
(2j)! and thereby obtain the

following expression for the state in terms of θ and φ

|ψ(θ, φ)〉 =
√

(j +m1)!(j −m1)!|j,m1〉

+ (−1)∆m+1
√

(j +m2)!(j −m2)!

(
tan

θ

2
eiφ
)∆m

|j,m2〉. (4.25)

Since the system is rotationally invariant (the Wehrl entropy does not change for a
rotation by an angle φ around the z-axis), the state only depends on the angle θ.
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Figure 4.2: The state which corresponds to j +m2 points at θ = 0, j +m1 points
at θ1 = π and ∆m = m1 −m2 points at θ2 = π/2 interpolates between the state
|ψ(0, φ)〉 and the state |ψ(π, φ)〉.

= +

|ψ(θ, φ)〉 = |ψ(0, φ)〉 + |ψ(π, φ)〉

In Fig. 4.2 we see how the state |ψ(θ, φ)〉 is composed of the two states |ψ(0, φ)〉
and |ψ(π, φ)〉. This system corresponds to a rotation-invariant two-dimensional
subspace. The polynomial describing the state |ψ(0, φ)〉 is given by w(z) = zj+m1 ,
which yields the following expression for |ψ(0, φ)〉

|ψ(0, φ)〉 = Zj−m1 |j,m1〉

=
(−1)j−m1√(

2j
j−m1

) |j,m1〉,

with j+m1 points at the North pole and j−m1 at the South pole. The other state
is defined for θ = π in a similar way but with j +m2 points at the North pole and
j −m2 at the South pole.

4.5 Results

In this section we present the results of our investigation of spherical arrangements
of 2-9 points on the unit sphere which maximize the Wehrl entropy SW . We define
the optimal configurations as the arrangements which yield maximal SW and thus
correspond to the most non-coherent states. To find these, we consider configu-
rations that solve the Thomson problem, the Toth problem and the QQ problem
and investigate whether they give local maxima to the Wehrl entropy. The optimal
spherical arrangements for the four problems (Thomson, Toth, QQ and Wehrl) are
shown in Tables 4.1 and 4.2 together with the resulting Wehrl entropy. We find
that the configurations that solve the four problems are equal up to 6 points.

• n = 1: In this case all pure states are coherent, and hence the minimal Wehrl
entropy equals the maximal Wehrl entropy, that is Smin = Smax = 1/2. This
is the trivial case.
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• n = 2: For two points the optimal arrangements for the Thomson, Toth and
QQ problems agree, and this optimal configuration is given by two points
diametrically opposite to each other. This is quite intuitive; if we want to
place two points on a sphere as far from each other as possible, we place them
antipodally. The maximal Wehrl entropy is SW = 0.973519, which in this
case is a global maximum.

• n = 3: For three points the optimal arrangements for the Thomson, Toth and
QQ problems agree, and give a local maximum for the Wehrl entropy. The
optimal configuration is given by three points forming an equilateral triangle
on a large circle. This follows our hypothesis that the further away points are
from each other, the larger the Wehrl entropy becomes. The maximal Wehrl
entropy is SW = 1.23871.

• n = 4: For four points the optimal arrangements for the Thomson, Toth
and QQ problems agree, and give a local maximum for the Wehrl entropy.
The optimal configuration is a regular polyhedra, namely a tetrahedron. The
maximal Wehrl entropy is SW = 1.49166.

• n = 5: For five points there are two arrangements that are likely to give local
maxima for the Wehrl entropy. A configuration for which a local maximum
of the Wehrl entropy indeed occurs is given by three equidistant points on the
equator together with two points at the poles. This arrangement is optimal
also for the Thomson, Toth and QQ problems. The maximal Wehrl entropy
is SW = 1.65531.

The second interesting configuration that we consider is given by an octahe-
dron minus a single point. This arrangement is one of two solutions to the
Toth problem, since the minimum pairwise distance between all pair of points
in this configuration is equal to that given by the configuration consisting of
three equidistant points on the equator and two points at the poles. The
Wehrl entropy for a configuration consisting of a octahedron minus a single
point is SW = 1.65163, which is somewhat lower than the maximal value
SW = 1.65531. This configuration does not correspond to a local maximum,
since not all eigenvalues are negative.

• n = 6: For six points the optimal arrangements for the Thomson, Toth
and QQ problems agree, and give a local maximum for the Wehrl entropy.
The optimal configuration is once again a regular polyhedron, namely the
octahedron. The maximal Wehrl entropy is SW = 1.83594.

• n = 7: For seven points the optimal arrangements for the four problems differ
for the first time. The configuration that solves the Thomson problem, the
QQ problem and for which a local maximum of the Wehrl entropy occurs is
a pentagonal dipyramid, where five points lie on an equatorial pentagon and
the other two on the poles. The maximal Wehrl entropy SW = 1.95286.
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Figure 4.3: SW = 1.65163 for the configuration given by the octahedron minus a
single point. This is less than the maximal Wehrl entropy SW = 1.65531.

However, the configuration that solves the Toth problem consists of two tri-
angles asymmetrically positioned about the equator with the remaining point
at a pole. The Wehrl entropy of such a configuration is SW = 1.94987, which
is lower than the maximal SW . This configuration does not correspond to a
local maximum, since not all eigenvalues are negative.

• n = 8: Since there exists a platonic solid for eight points, our first approach
is to investigate whether the cube gives a maximal Wehrl entropy of SW =
2.06683. However, this configuration is not a local maximum. Instead the
arrangement for which a local maximum of the Wehrl entropy occur is that
of a cubic antiprism, which can be obtained from a cube by rotating one face
by 45 degrees. The distances between neighboring vertices are the same, and
the maximal Wehrl entropy is SW = 2.07789.

The Thomson problem and the Toth problem are also solved by a cubic an-
tiprism, but for slightly different values of the polar angle θ from the North
pole to the upper and lower faces, which results in lower values of SW .

The solution to the QQ problem is completely different compared to the other
solutions, as the configuration in this case consists of two irregular rectangles
perpendicular to each other. Such a configuration results in a Wehrl entropy
of SW = 2.07535, and does not correspond to a local maximum.

• n = 9: For nine points the optimal configuration is a triaugmented triangular
prism state consisting of three equilateral triangles that are positioned parallel
but asymmetric to each other. This gives a local maximum for the Wehrl
entropy. The maximal Wehrl entropy is SW = 2.18494.

The Thomson problem, the Toth problem and the QQ problem are also solved
by this configuration, but with slightly different values of the polar angle θ
from the North pole to the triangles, which once again results in lower values
of SW .

We have now achieved our main goal, which was to maximize the Wehrl entropy
in finite dimensions. To this end we considered spherical arrangements of points.
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We found local maxima for the Wehrl entropy for 2-9 points, and presented our
results in Tables 4.1 and 4.2.

The next step is to study part of the proof of the Lieb conjecture in order to
give a geometric illustration of how quantum channels for coherent states majorize
all other quantum channels. This will be further described in the next section.
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Optimal
Configuration QQ Thomson Toth No. of points

n = 2

SW 0.973519 0.973519 0.973519 0.973519

n = 3

SW 1.23871 1.23871 1.23871 1.23871

n = 4

SW 1.49166 1.49166 1.49166 1.49166

n = 5

SW 1.65531 1.65531 1.65531 1.65531

n = 6

SW 1.83594 1.83594 1.83594 1.83594

Table 4.1: Arrangements of points on a Bloch sphere that give maximal Wehrl
entropy, where n is the number of points for dimension N = n + 1 and SW is the
Wehrl entropy. For n = 2-6 points, the optimal configurations are equal for the
Thomson problem, Toth problem, QQ article and Wehrl maximization. The only
exception is for the Toth problem, which is also solved by the arrangement shown
in Fig. 4.3.
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Optimal
Configuration QQ Thomson Toth No. of points

n = 7

SW 1.95286 1.95286 1.95286 <1.95286

n = 8

SW 2.07789 2.07535 < 2.07789 < 2.07789

n = 9

SW 2.18494 2.18479 <2.18494 <2.18494

Table 4.2: Arrangements of points on a Bloch sphere that give maximal Wehrl
entropy, where n is the number of points for dimension N = n + 1 and SW is the
Wehrl entropy. For n = 7, n = 8 and n = 9 points the optimal configurations for
the Toth problem and the QQ problem differ from optimal configuration, which
results in a lower value of SW . The configurations resulting in non-optimal values
of SW are underlined.
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Figure 4.4: Illustration of how the Wehrl entropy for the optimal configurations
shown in Table 4.1 depends on the parameter θ (with fixed φ) for n = 2-5 points
on the unit sphere.

n = 2 n = 3

|ψ(θ, φ)〉 ∼ |1, 0〉 |ψ(θ, φ)〉 ∼
√

3!| 32 ,
3
2 〉...

max SW ≈ 0.9735 for θ = π +
√

2!
(
tan θ

2eiφ
)2 | 32 ,− 1

2 〉

max SW ≈ 1.2387 for θ ≈ 2π/3

n = 4 n = 5

|ψ(θ, φ)〉 ∼
√

4!|2, 2〉... |ψ(θ, φ)〉 ∼
√

4!| 52 ,
3
2 〉...

+
√

3!
(
tan θ

2eiφ
)3 |2,−1〉 +

√
4!
(
tan θ

2eiφ
)3 | 52 ,− 3

2 〉

max SW ≈ 1.4917 for θ ≈ 0.6082π max SW ≈ 1.6553 for θ = π/2
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Figure 4.5: Illustration of how the Wehrl entropy for the optimal configurations
shown in Table 4.2 depends on the parameter θ (with fixed φ) for n = 6 and n = 7
points on the unit sphere.

n = 6 n = 7

|ψ(θ, φ)〉 ∼
√

5!|3, 2〉... |ψ(θ, φ)〉 ∼
√

6!| 72 ,
5
2 〉...

−
√

5!
(
tan θ

2eiφ
)4 |3,−2〉 +

√
6!
(
tan θ

2eiφ
)5 | 72 ,− 5

2 〉

max SW ≈ 0.9735 for θ = π/2 max SW ≈ 1.2387 for θ = π/2
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Figure 4.6: Illustration of how the Wehrl entropy for the optimal configurations
shown in Table 4.2 depends on the parameter θ (with fixed φ) for n = 8 points on
the unit sphere. Note that the optimal configurations depend on two θ, resulting
in a contour plot.

n = 8

|ψ(θ, φ)〉 ∼
√

8!|4, 4〉 −
√

4!8!
(
tan θ2

2 eiφ2
)4 |4, 0〉...

−
√

4!8!
(
tan θ1

2 eiφ1
)4 |4, 0〉...

+
√

8!
(
tan θ1

2 tan θ2
2 ei(φ1+φ2)

)8 |4,−4〉

max SW ≈ 2.07789 for θa ≈ 0.3045π, θb ≈ 0.6955π
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Figure 4.7: Illustration of how the Wehrl entropy for the optimal configurations
shown in Table 4.2 depends on the parameter θ (with fixed φ) for n = 9 points on
the unit sphere. Note that the optimal configurations depend on two θ, resulting
in a contour plot.

n = 9

|ψ(θ, φ)〉 ∼
√

9!| 92 ,
9
2 〉 −

√
3!6!

(
tan θ3

2 eiφ3
)3 | 92 , 3

2 〉...

−
√

3!6!
(
tan θ2

2 eiφ2
)3 | 92 , 3

2 〉 −
√

3!6!
(
tan θ1

2 eiφ1
)3 | 92 , 3

2 〉...

−
√

3!6!
(
tan θ2

2 tan θ3
2 ei(φ2+φ3)

)3 | 92 ,− 3
2 〉...

−
√

3!6!
(
tan θ1

2 tan θ3
2 ei(φ1+φ3)

)3 | 92 ,− 3
2 〉...

−
√

3!6!
(
tan θ1

2 tan θ2
2 ei(φ1+φ2)

)3 | 92 ,− 3
2 〉...

−
√

9!
(
tan θ1

2 tan θ2
2 tan θ3

2 ei(φ1+φ2+φ3)
)3 | 92 ,− 9

2 〉

max SW ≈ 2.18494 for θa ≈ 0.2529π, θb ≈ 0.7471π
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4.6 Comment on the Proof of the Lieb Conjecture

In this section we use results from Ref. [25] in order to give a geometric illustration
of how quantum channels for coherent states majorize all other quantum channels.
This is the key point in the proof of the Lieb conjecture by Lieb and Solovej. We
do not present the whole proof here.

Consider a density matrix ρ = |ψ〉〈ψ| on H, where ρ is a positive semi-definite
operator with trace Tr[ρ] = 1. According to Lieb, the Wehrl entropy is minimized
when ρ is a one-dimensional projection onto any coherent state |p, q〉, i.e. ρ =
|p, q〉〈p, q|. We recall that the Wehrl entropy is defined as a concave function of the
Husimi function, namely SW (ρ) ∼ −

∫
dΩQ lnQ, and that Lieb proved that the

minimum classical entropy for canonical coherent states occurs for density matrices
equal to projectors onto coherent states (Section 4.2). This is true also for Bloch
SU(2) spin-coherent states for every angular momentum J , i.e. the classical entropy
is minimized by Bloch coherent states. The proof holds for all concave functions
f(t), not just those of the form f(t) = −t ln(t), and utilizes coherent operators.
These are operators that map density matrices in an SU(2) space characterized by
an angular momentum m+ 1, to a density matrix in a spin n+ 1 space. Such maps
are given by Φm−n(ρ), which is defined below.

Lieb and Solovej prove in [25] that for every finite m + 1, the projections onto
coherent states in a spin n + 1 space minimize the von Neumann entropy of the
density matrix in a spinm+1 space. We show this for the map Φ2(ρ) in a geometric
illustration.

Φm−n(ρ) in the Schwinger Representation

The map Φm−n(ρ) has a simple form using the creation and annihilation operators
introduced by Schwinger [35]. Let HJ denote the spin J representation space of
SU(2) for all integer or half-integer J . The corresponding classical phase space
is S2. For each point ω in S2 there is a one-dimensional coherent state projection
P Jω = |ω〉J J〈ω| projecting HJ onto the subspace of maximal spin in the direction ω.
This one-dimensional subspace of HJ is the eigenspace of ω ·SJ with eigenvalue J .
Note that SJ is the representation onHJ of the standard generators S = (Sx, Sy, Sz)
of SU(2). The operators

Sx =
1

2
(a∗↑a↓ + a∗↓a↑)

Sy =
1

2i
(a∗↑a↓ − a∗↓a↑)

Sz =
1

2
(a∗↑a↑ − a∗↓a↓)

satisfy the correct commutation relations and S2
x + S2

y + S2
z = J(J + 1). We also

have the relation a∗↑a↑+a∗↓a↓ = 2J , where the annihilation operators a↑ and a↓ are
the adjoints of a∗↑ and a∗↓.
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The Hilbert spaceHJ may be identified with the completely symmetric subspace
⊗2J

symH1/2 of the tensor product ⊗2JH1/2. Here H1/2 is the one-particle space and
a∗↑ and a

∗
↓ the creation operators corresponding to spin up and down respectively.

These operators map ⊗lsymH1/2 to ⊗l+1
symH1/2 for all positive integers l. Then, for

ψ ∈ ⊗lsymH1/2 and with Psym as the projection onto the symmetric space ⊗l+1
symH1/2,

we have
a∗↑ψ =

√
l + 1Psym(| ↑〉 1

2
⊗ ψ) (4.26)

and likewise for a∗↓.
The symmetric subspace of⊗2JH1/2 is the subspace corresponding to 2J bosonic

particles. We can then identify the spin representation on the Hilbert spaceHJ with
the space of 2J bosons over a two-dimensional one-particle space. In particular,
a∗ω is the creation of a particle in the state |ω〉 1

2
, i.e. a∗ω = 〈↑ |ω〉 1

2
a∗↑ + 〈↓ |ω〉 1

2
a∗↓,

where |0〉 is the vacuum state and |ω〉J ∈ HJ is a coherent state. Using the
canonical commutation relations, we see that all creation operators commute and
that [a∗ω′ , a

∗
ω] = 1

2
〈ω′|ω〉 1

2
, which gives us the relation

a↑a
∗
↑ + a↓a

∗
↓ = a∗↑a↑ + a∗↓a↓ + 2 = 2J + 2. (4.27)

If ρ is a non-negative density matrix on Hn/2, meaning that its eigenvalues are
positive, then the map of ρ is also non-negative and can be defined as

Φm−n(ρ) =
(n+ 1)!

(m+ 1)!

∑
i1,...,ik=↑,↓

aik ...ai1ρa
∗
i1 ...a

∗
ik

(4.28)

in terms of creation and annihilation operators.
This map is trace-preserving. To show this we first consider the case

Tr[Φ1(ρ)] =
1

n+ 2
Tr[a∗↑ρa↑ + a∗↓ρa↓].

Using the relation Tr[ABC] = Tr[CAB] and the commutation relation [a↑, a
∗
↑] =

a↑a
∗
↑ − a∗↑a↑ = 1, we obtain

Tr[Φ1(ρ)] =
1

n+ 2
Tr[(a↑a

∗
↑ − a∗↑a↑ + 2)ρ] =

1

n+ 2
Tr[(n+ 2)ρ] = Tr[ρ].

Since Tr[ρ] = 1 we have Tr[Φ1(ρ)] = 1. Using the fact that Φ2(ρ) = Φ1(Φ1(ρ)), we
see that all Φm−n(ρ) are trace-preserving. In the language of quantum information
theory, this trace-preserving map is a quantum channel.

Geometric Illustration of Quantum States

We illustrate that the map of the density matrix of coherent states majorizes
Φm−n(ρ) for all other density matrices, i.e. that Φm−n(|n, 0〉〈n, 0|) � Φm−n(ρ) for
all ρ. This is done by studying the spectrums of Φm−n(|n, 0〉〈n, 0|) and Φm−n(ρ).
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Consider two positive vectors ~a and ~b with components ordered in decreasing order,
a1 ≥ a2 ≥ ... ≥ aM . The finite real sequence b1 ≥ b2 ≥ ... ≥ bM is majorized by
another real sequence a1 ≥ a2 ≥ ... ≥ aM , written a1 ≥ a2 ≥ ... ≥ aM � b1 ≥ b2 ≥
... ≥ bM or ~a � ~b, if

a1 ≥ b1
a1 + a2 ≥ b1 + b2

...

a1 + ...+ aM−1 ≥ b1 + ...+ bM−1

a1 + ...+ aM = b1 + ...+ bM . (4.29)

We consider density matrices ρ = |ψ〉〈ψ| defined for state vectors of the form
|ψ〉 = cos θ2 |n, 0〉+ sin θ

2e
iφ|1, n− 1〉. Note that this state vector is a superposition

of a coherent state |n, 0〉 and a general state |1, n − 1〉. The spectrum for Φ2(ρ)
is calculated for 2-5 qubits and graphically presented in Fig. 4.8. The non-trivial
spectrum of Φ2(ρ) consists of a three-dimensional vector [p1, p2, p3] where

∑
pi = 1.

This corresponds to a point in a triangle whose vertices are given by the vectors
[1, 0, 0], [0, 1, 0] and [0, 0, 1]. The spectrum for a coherent state |ψ〉 = |n, 0〉 with
θ = 0 is represented by a point in the aforementioned triangle. By mirroring this
point in all medians, we obtain a polygon inside the triangle.

Our assumption is that Φ2(|n, 0〉〈n, 0|) � Φ2(ρ). If this assumption is true, the
points representing all other spectra must be included inside the polygon. Thus,
in order to prove Φ2(|n, 0〉〈n, 0|) � Φ2(ρ), we have to calculate the eigenvalues for
arbitrary θ, 0 ≤ θ < π, to see whether they end up inside the polygon.

In Fig. 4.8, we show that this is true for 2-5 points. This gives a geometric illus-
tration of Φ2(|n, 0〉〈n, 0|) � Φ2(ρ). Furthermore, this corresponds to a geometrical
comparison of the spectra of the Wehrl entropy and the von Neumann entropy.
We show that the most non-coherent states, which correspond to maximal Wehrl
entropy, also give maximal von Neumann entropy. Analogously, the coherent states
that give minimum Wehrl entropy also minimize the von Neumann entropy.

Explanations of the geometric illustration of the spectrums are listed below.

• n = 2: The spectrum for the coherent state |ψ〉 = |2, 0〉 is given by the
vector [3/10, 4/10, 3/10], which corresponds to the large blue point on the
left side. By mirroring this point in all medians, we obtain the polygon with
blue vertices. The spectra for all states |ψ〉 = cos θ2 |2, 0〉 + sin θ

2e
iφ|1, 1〉 are

given by the black line in the figure. Since this is inside the polygon for all θ,
with the largest value being the aforementioned coherent state, we have that
Φ2(|2, 0〉〈2, 0|) majorizes Φ2(ρ).

The maximal von Neumann entropy S = max (−
∑
i pi lg[pi]) = 1.0889 for

θ = π corresponds to the green point and is given by the eigenvalue-vector
closest to the midpoint [1/3, 1/3, 1/3], which corresponds to the black point.
The maximal Wehrl entropy SW = 0.974 is given by θ = π, which corresponds
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to the pink point. Note that the maximal Wehrl entropy is given by the same
state vector as the one which yields maximal von Neumann entropy. Thus
the maximal von Neumann entropy is given by the most non-coherent state,
which also yields maximal Wehrl entropy.

The minimal von Neumann entropy S = min (−
∑
i pi lg[pi]) = 0.8979 is

given by θ = 0, which corresponds to the coherent state |ψ〉 = |2, 0〉. Thus
the minimal von Neumann entropy is given by a coherent state, which also
yields minimal Wehrl entropy.

• n = 3: The spectrum for the coherent state |ψ〉 = |3, 0〉 is given by the
vector [4/15,1/15,2/3], which corresponds to the large blue point on the left
side. The spectra for all states |ψ〉 = cos θ2 |3, 0〉 + sin θ

2e
iφ|1, 2〉 are given

by the black line in the figure. Since this is inside the polygon for all θ,
with the largest value being the aforementioned coherent state, we have that
Φ2(|3, 0〉〈3, 0|) � Φ2(ρ).

The maximal von Neumann entropy S = 1.0882 and the maximal Wehrl
entropy SW = 1.239 are both given by θ ≈ 2π/3, which corresponds to the
green point and pink point respectively. Since the maximal Wehrl entropy is
given by the same state vector as the one which yields maximal von Neumann
entropy, they are represented by the same point in the triangle. Thus the
maximal von Neumann entropy is given by the most non-coherent state, which
also yields maximal Wehrl entropy.

The minimal von Neumann entropy S = 0.8033 is given by θ = 0, which cor-
responds to the coherent state |ψ〉 = |3, 0〉. Thus the minimal von Neumann
entropy is given by a coherent state, which also yields minimal Wehrl entropy.

• n = 4: The spectrum for the coherent state |ψ〉 = |4, 0〉 is given by the
vector [1/21,5/21,5/7], which corresponds to the large blue point on the left
side. The spectra for all states |ψ〉 = cos θ2 |4, 0〉 + sin θ

2e
iφ|1, 3〉 are given

by the black line in the figure. Since this is inside the polygon for all θ,
with the largest value being the aforementioned coherent state, we have that
Φ2(|4, 0〉〈4, 0|) � Φ2(ρ).

The maximal von Neumann entropy S = 1.09861 and the maximal Wehrl
entropy SW = 1.492 are both given by θ ≈ 0.608π, which corresponds to the
green point and pink point respectively. Since the maximal Wehrl entropy is
given by the same state vector as the one which yields maximal von Neumann
entropy, they are represented by the same point in the triangle. Thus the
maximal von Neumann entropy is given by the most non-coherent state, which
also yields maximal Wehrl entropy.

The minimal von Neumann entropy S = 0.7270 is given by θ = 0, which cor-
responds to the coherent state |ψ〉 = |4, 0〉. Thus the minimal von Neumann
entropy is given by a coherent state, which also yields minimal Wehrl entropy.
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• n = 5: The spectrum for the coherent state |ψ〉 = |5, 0〉 is given by the
vector [1/28, 3/14, 3/4], which corresponds to the large blue point on the
left side. The spectra for all states |ψ〉 = cos θ2 |5, 0〉+ sin θ

2e
iφ|1, 4〉 are given

by the black line in the figure. Since this is inside the polygon for all θ,
with the largest value being the aforementioned coherent state, we have that
Φ2(|5, 0〉〈5, 0|) � Φ2(ρ).

The maximal von Neumann entropy S = 1.0967 and the maximal Wehrl
entropy SW = 1.655 are both given by θ = π

2 , which corresponds to the green
point and pink point respectively. Since the maximal Wehrl entropy is given
by the same state vector as the one which yields maximal von Neumann
entropy, they are represented by the same point in the triangle. Thus the
maximal von Neumann entropy is given by the most non-coherent state, which
also yields maximal Wehrl entropy.

The minimal von Neumann entropy S = 0.6649 is given by θ = 0, which cor-
responds to the coherent state |ψ〉 = |5, 0〉. Thus the minimal von Neumann
entropy is given by a coherent state, which also yields minimal Wehrl entropy.

We have thereby showed that Φ2(|n, 0〉〈n, 0|) � Φ2(ρ), i.e. that the map of
coherent states majorizes the map of all other states. Furthermore we have showed
that the most non-coherent states which correspond to maximal Wehrl entropy,
also give maximal von Neumann entropy, and that the coherent states that give
minimum Wehrl entropy also minimize the von Neumann entropy.
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Figure 4.8: Geometric illustration of the spectrum of the map Φ2(ρ) for n = 2-5
points on a sphere, for ρ = |ψ〉〈ψ| and |ψ〉 = cos θ2 |n, 0〉+ sin θ

2e
iφ|1, n− 1〉.

n = 2 n = 3

n = 4 n = 5





Chapter 5

Geometric Entanglement of
Symmetric States

In this chapter we present a geometrical interpretation of the entanglement of
permutation-symmetric states in the form of the Majorana representation. By
means of this representation we see how symmetry allows us to calculate the geo-
metric measure of entanglement and identify the most entangled state. The calcu-
lation of the maximal geometric measure of entanglement is phrased as a geometric
optimization problem. We explore the maximally entangled symmetric states of 2-9
qubits and their amount of geometric entanglement following Ref. [38]. We then
use these results to investigate how the maximally entangled symmetric states are
related to the states corresponding to maximal Wehrl entropy.

We start by considering the symmetric basis states, known as the Dicke states,
of a system of n qubits in the symmetric Hilbert space HN . A Dicke state is the
sum of all permutations of computational basis states with n − k qubits being |0〉
and k being |1〉

|Sn,k〉 =

(
n

k

)−1/2 ∑
perm

|0〉...|0〉︸ ︷︷ ︸
n−k

|1〉...|1〉︸ ︷︷ ︸
k

(5.1)

with 0 ≤ k ≤ n. This corresponds to n− k points at the North pole (θ = 0) and k
points at the South pole (θ = π) on the Bloch sphere. A general pure symmetric
state of n qubits is a linear combination of the n+ 1 symmetric basis states |Sn,k〉.
We abbreviate this notation to |Sk〉 when the number of qubits is clear.

In the Dicke state representation, any symmetric state |ψ〉S is expanded in the
orthonormal basis formed by the n+ 1 Dicke states in the symmetric subspace CN :

|ψ〉S =

n∑
k=0

ak|Sk〉, (5.2)
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where ak (k = 0, ..., n) are complex expansion coefficients. In general, the maximally
entangled symmetric state of n qubits is a superposition of Dicke states. Note that
CN is the symmetric subspace we obtain by taking the tensor product of C2 with
itself N times.

As stated in Section 2.2 it is possible to uniquely represent a pure state of spin-j
by 2j undistinguishable points on the sphere via the stellar representation, here
known as the Majorana representation. This representation is useful for obtaining
an expression for the geometric measure of entanglement for any symmetric n-qubit
state |ψ〉S .

The Majorana representation allows us to compose any symmetric state |ψ〉S
of n qubits from a sum over all permutations P : Sn → Sn of n undistinguishable
qubits {|φ1〉, ..., |φn〉}:

|ψ〉S =
1√
K

∑
perm

|φP (1)〉 · · · |φP (n)〉, (5.3)

with

|φi〉 = cos
θi
2
|0〉+ eiϕi sin

θi
2
|1〉 (5.4)

and where the normalization factor K depends on the given state.
(5.4) allows the visualization of the qubit state |ψ〉S by n unordered points on a

sphere at the position (θi, φi). Any arrangement of n points on the unit sphere thus
defines a symmetric state. From now on, we will call these points the Majorana
points (MP).

Point distributions are invariant under local unitary maps. This means that
the product of local unitary maps on a symmetric state, U ⊗ U ⊗ ... ⊗ U |ψ〉S , is
nothing more than a rotation of the sphere upon which we have placed our points,
since each point gets rotated by the same U . As a result the entanglement remains
unchanged under rotation.

5.1 Geometric Measure of Entanglement

In this section we introduce a way of quantifying the amount of entanglement of a
state, which is given by the geometric measure of entanglement. This is a distance-
like entanglement measure in the sense that it assesses the entanglement in terms
of the remoteness from the set of separable states. Following Ref. [38] we derive
and simplify the expression for the maximized entanglement measure.

A general quantum state of a finite-dimensional system can be written as |ψ〉 =∑
i ai|i〉 with complex coefficients ai and an orthonormal basis {|i〉}. The state |ψ〉

is called positive if the ai are all positive. Every positive state |ψ〉 has at least
one positive closest product state |Λψ〉 = ⊗j |σj〉, where |σ〉j =

∑
ij
bjij |ij〉 (with

bjij ∈ C) is the state of subsystem j.



5.1. GEOMETRIC MEASURE OF ENTANGLEMENT 49

The geometric measure of entanglement is defined as the maximal overlap of a
normalized pure state |ψ〉 with all normalized pure product states:

EG(|ψ〉) = min|λ〉∈HSEP
log2

(
1

|〈λ|ψ〉|2

)
, (5.5)

where the minimum is taken over all separable pure states. A finite-dimensional
Hilbert space always contains at least one state |Ψ〉 with maximal entanglement,
and each such state can have more than one closest product state. Let us denote a
product state closest to |ψ〉 by |Λψ〉. Then the task of maximizing the entanglement
measure can be written as a max-min problem

Emax
G = max|ψ〉∈Hmin|λ〉∈HSEP

log2

(
1

|〈λ|ψ〉|2

)
(5.6)

= log2

(
1

|〈ΛΨ|Ψ〉|2

)
. (5.7)

The problem now consists of finding the closest product state to a given quantum
state. This is simplified by considering permutation-symmetric states, which are
states that are invariant under any permutation of their subsystems, i.e. P |ψ〉 = |ψ〉
for all P ∈ Sn.

Closest Product Point

For n ≥ 3 qubits, every closest product state |Λ〉S of a symmetric state |ψ〉S is
symmetric itself and can therefore be written as |Λ〉S = |σ〉⊗n, where |σ〉 is a single
qubit state. The closest product states of a given symmetric state can be visualized
by Bloch vectors of |σ〉. We will refer to |σ〉 as a closest product point (CPP).

For symmetric product states |λ〉 = |σ〉⊗n the scalar product in the definition
of the geometric measure can be expressed in terms of the MPs and a CPP:

|〈λ|ψ〉S | =
n!√
K

n∏
i=1

|〈σ|φi〉|. (5.8)

The factors 〈σ|φi〉 are the angles between the corresponding Bloch vectors on the
Majorana sphere. As stated before, the problem of finding the maximal entangle-
ment measure can be simplified to finding the CCP of a given quantum state. Now,
to determine the CPP of a given symmetric state, we have to maximize the absolute
value of a product of scalar products, giving us a geometrical optimization problem.
We can simplify the problem further, since the maximization is only required on the
restricted set of symmetric separable states |φ1〉, ..., |φn〉. Then by inserting (5.8)
into (5.7) we obtain

EG(|ψS〉) = 1− n!√
K

max|φ〉
∏
|〈σ|φi〉|2. (5.9)

Hence, the optimization problem of finding the entanglement measure has the ge-
ometric interpretation of maximizing the product of angles |〈σ|φi〉|2.
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5.2 Highest Geometric Entanglement Configurations

The problem of finding the maximally entangled symmetric state can be under-
stood as an optimization problem on the sphere, prompting the question whether
the known solutions to spherical point distribution problems can help us find the
solutions of the Majorana problem. The geometric phrasing of the problem allows
us to use geometric properties, for example symmetry of the MP distribution, to
calculate entanglement and to search for the most entangled states in this class. In
a sense, we can say that the most entangled states will be those that spread out
the points the most.

In this section we present maximal entanglement configurations together with
those arrangements of MPs that correspond to the maximal Wehrl Entropy for 2-9
points (see Tables 4.1, 4.2). The arrangements corresponding to maximal Wehrl
entropy are expected to provide high entanglement configurations in view of their
anti coherent spin states, even though they do not necessarily provide the most
geometrically entangled symmetric states.

We now present the value of the maximal geometric measure of entanglement
EG(|ψ〉) for 2-9 points and compare the corresponding configurations to the ar-
rangements that correspond to a maximized Wehrl entropy. The Majorana repre-
sentations of the most entangled symmetric states are presented in Fig. 5.1 and
Fig. 5.2, where the maximal entanglement arrangements are shown for 2-9 points
together with the arrangements that correspond to a maximized Wehrl entropy.
Note that these states are characterized by n distinct points on the Bloch sphere
with a large spread.

• n = 2: For two qubits the maximally entangled state is identified as the Bell
state |ψ2〉 = (|00〉 + |11〉)/

√
2 with EG(|ψ+〉) = 1. The corresponding con-

figuration consists of two points diametrically opposite to each other on the
sphere. Thus the Majorana representation of the most geometrically entan-
gled symmetric states coincides with the configuration that yields maximal
Wehrl entropy.

• n = 3: For three qubits the maximally entangled state is identified as |ψ3〉 =
|S3,1〉 with EG(|S3,1〉) ≈ 1.17. In this case the corresponding configuration
does not coincide with the configuration that yields maximal Wehrl entropy,
which is given by three points forming an equilateral triangle on a large circle.

• n = 4: For four qubits the maximally entangled state is given by |Ψ4〉 =
1√
3
|S0〉 +

√
2
3 |S3〉 with EG(|Ψ4〉) ≈ 1.58. The corresponding configuration

consists a platonic solid, namely the tetrahedron. Thus the Majorana rep-
resentation of the most geometrically entangled symmetric states coincides
with the configuration that yields maximal Wehrl entropy.

• n = 5: For five qubits the maximally entangled state is given by |Ψ5〉 ≈
0.547|S1〉 + 0.837|S4〉 with EG(|Ψ5〉) ≈ 1.74. In this case the corresponding
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configuration in the form of a square pyramid does not coincide with the
configuration that yields maximal Wehrl entropy, which is given by three
equidistant points on the equator together with two points at the poles, placed
diametrically opposite each other.

• n = 6: For six qubits the maximally entangled state is given by |Ψ6〉 =
1√
2

(|S1〉+ |S5〉) with EG(|Ψ6〉) ≈ 2.17. The corresponding configuration con-
sists of a regular polyhedra, namely the octahedron. Thus the Majorana rep-
resentation of the most geometrically entangled symmetric states coincides
with the configuration that yields maximal Wehrl entropy.

• n = 7: For seven qubits the maximally entangled state is given by |Ψ7〉 =
1√
2

(|S1〉+ |S6〉) with EG(|Ψ7〉) ≈ 2.299. The corresponding configuration
consists of a pentagonal dipyramid, where five points lie on an equatorial
pentagon and the other two on the poles. Thus the Majorana representa-
tion of the most geometrically entangled symmetric states coincides with the
configuration that yields maximal Wehrl entropy.

• n = 8: For eight qubits the maximally entangled state is given by |Ψ8〉 ≈
0.672|S1〉 + 0.741|S6〉 with EG(|Ψ5〉) ≈ 2.299. The corresponding configura-
tion is in the form of three equidistant points on the equator together with
two points at the North pole and one at the South pole. This does not co-
incide with the configuration that yields maximal Wehrl entropy, which is a
cubic antiprism. The state vector for the cubic antiprism is given by [44]
|ψa8 〉 = (|S0〉 + A|S4〉 − |S8〉)/(

√
2 +A2) with EG(|ψa8 〉) ≈ 2.23. The real

parameter A = 1.64451 depends on the latitude of the MP rings.

• n = 9: For nine qubits the maximally entangled state is given by |Ψ9〉 =
1√
2

(|S2〉+ |S7〉) with EG(|Ψ9〉) ≈ 2.554. The corresponding configuration is
a pentagonal dipyramid state. This does not coincide with the configuration
that yields maximal Wehrl entropy, which is a triaugmented triangular prism
state consisting of three equilateral triangles are positioned parallel but asym-
metric to each other. The state vector for the triaugmented triangular prism
state is given by [44] |ψ9〉 = (|S0〉 − A(|S3〉 + |S6〉) + |S9〉)/(

√
2 + 2A2) with

EG(|ψ9〉) ≈ 2.532 and A ≈ −1.37568.

We have thereby presented the configurations that correspond to the maximally
entangled states. We have compared the geometric measure of entanglement for
these arrangements, to the geometric measure of entanglement given by configura-
tions corresponding to maximal Wehrl entropy. Our results are presented in Fig.
5.1 and Fig. 5.2. We note that although the non-coherent states correspond to high
values of geometric entanglement, they do not necessarily correspond to the most
entangled states.
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Figure 5.1: The geometric measure of entanglement (GMET) for configurations
corresponding to the most entangled symmetric states and configurations corre-
sponding to maximal Wehrl entropy for n = 2-5 points on a sphere. Here n is the
number of points for dimension N = n + 1 and GMET is the geometric measure
of entanglement.

Maximal SW Maximal GMET

n = 2

State Vector |ψ+〉 = 1√
2
(|01〉+ |10〉) |ψ+〉 = 1√

2
(|01〉+ |10〉) = |S1〉

GMET EG(|ψ+〉) = 1 EG(|ψ+〉) = 1

n = 3

State Vector |ψ3〉 = 1√
2
(|000〉+ |111〉) |S3,1〉 = 1√

3

∑
perm |001〉

GMET EG(|ψ3〉) = 1 EG(|S3,1〉) ≈ 1.17

n = 4

State Vector |ψ4〉 = 1√
3
|S0〉+

√
2
3 |S3〉 |ψ4〉 = 1√

3
|S0〉+

√
2
3 |S3〉

GMET EG(|ψ4〉) ≈ 1.58 EG(|ψ4〉) ≈ 1.58

n = 5

State Vector |ψ5〉 = 1√
2
(|S1〉+ |S4〉) |ψ5〉 ≈ 0.547|S1〉+ 0.837|S4〉

GMET EG(|ψ5〉) ≈ 1.68 EG(|ψ5〉) ≈ 1.74
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Figure 5.2: The geometric measure of entanglement (GMET) for configurations
corresponding to the most entangled symmetric states and configurations corre-
sponding to maximal Wehrl entropy for n = 6-9 points on a sphere. Here n is the
number of points for dimension N = n + 1 and GMET is the geometric measure
of entanglement.

Maximal SW Maximal GMET

n = 6

State Vector |ψ6〉 = 1√
2

(|S1〉+ |S5〉) |ψ6〉 = 1√
2

(|S1〉+ |S5〉)

GMET EG(|ψ6〉) ≈ 2.17 EG(|ψ6〉) ≈ 2.17

n = 7

State Vector |ψ7〉 = 1√
2

(|S1〉+ |S6〉) |ψ7〉 = 1√
2

(|S1〉+ |S6〉)

GMET EG(|ψ7〉) ≈ 2.299 EG(|ψ7〉) ≈ 2.299

n = 8

State Vector |ψa8 〉 = |S0〉+A|S4〉−|S8〉√
2+A2

|ψ8〉 ≈ 0.672|S1〉+ 0.741|S6〉

GMET EG(|ψa8 〉) ≈ 2.23 EG(|ψ8〉) ≈ 2.45

n = 9

State Vector |ψ9〉 = |S0〉−A(|S3〉+|S6〉)+|S9〉√
2+2A2

|ψ9〉 = 1√
2

(|S2〉+ |S7〉)

GMET EG(|ψ9〉) ≈ 2.532 EG(|ψ9〉) ≈ 2.554





Chapter 6

Summary and Conclusions

In this chapter we summarize the investigations described in this thesis. We began
our investigation by introducing the Bloch sphere and establishing a one-to-one
correspondence between the Bloch sphere and the extended complex plane by means
of stereographic projection. Under the assumption that the Hilbert space is finite-
dimensional, the state space may be regarded as a complex projective space. This
could be visualized in real terms by means of the stellar representation, so that
vectors in the complex projective space are represented by unordered sets of points
on a Bloch sphere. We continued by considering coherent states, with an emphasis
on Bloch coherent states, which are the most classical quantum states. We noted
that the Bloch coherent states are the only states for which all points on the sphere
coincide in the stellar representation.

Following Ref. [1] we introduced the Husimi function (4.6), and presented the
Wehrl entropy in terms of Bloch coherent states

SW (|ψ〉〈ψ|) ≡ −n+ 1

4π

∫
Ω

dΩQψ(z) lnQψ(z), (6.1)

where Qψ(z) is the Husimi function. We gave a short explanation of the significance
of the Wehrl entropy as a measure of how classical a system is, and described
the Lieb conjecture, which states that the Wehrl entropy attains its minimum for
Bloch coherent states. Using the stellar representation and methods described in
Ref. [16, 17], we calculated the entropy integral (6.1).

We continued by considering the Wehrl entropy for the most non-coherent states,
which we define as the states that maximize the Wehrl entropy. More specifically, we
considered spherical arrangements of 2-9 points in order to identify configurations
for which local maxima of the Wehrl entropy occur. To this end we compared
configurations that solve the Thomson problem [22], the Toth problem [23] and
the QQ problem [24]. We found that the configurations that solve the Thomson
problem, the Toth problem and the QQ problem also yield local maxima of the
Wehrl entropy for up to seven dimensions. In higher dimensions the arrangements
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that solve the Thomson problem, the Toth problem and the QQ problem no longer
maximize the Wehrl entropy, but by varying parameters in the solutions for these
problems we were able to find local maxima of the Wehrl entropy. We conjectured
that the local maxima also are global maxima.

Following Ref. [25] we gave a geometric illustration of how quantum channels for
coherent states majorize all other quantum channels. We considered the spectra
of the Wehrl entropy and the von Neumann entropy, and showed that maximal
Wehrl entropy and von Neumann entropy occur for the most non-coherent states,
and that minimal Wehrl entropy and von Neumann entropy occur for the coherent
states.

Furthermore, we presented a geometrical interpretation of the entanglement of
permutation symmetric states in the form of the Majorana representation accord-
ing to Ref. [38]. We calculated the maximally entangled symmetric states of 2-9
qubits and their amount of geometric entanglement. Finally, we discussed how these
maximally entangled symmetric states are related to the states corresponding to
maximal Wehrl entropy. We conclude that although the most non-coherent states
yield high values of geometric entanglement, they do not necessarily correspond to
the most entangled states.
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Appendix A

SU(2)

The generators of SU(2) in the fundamental representation are the Pauli matrices
~σ = {σx, σy, σz},

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
. (A.1)

There is one unitary representation of SU(2) in every dimension N = n+1 = 2j+1,
with generators

Jx =
1

2


0

√
n 0 ...√

n 0
√

2(n− 1) ...

0
√

2(n− 1) 0 ...
...

...
...

. . .

 (A.2)

Jy =
i

2


0 −

√
n 0 ...√

n 0 −
√

2(n− 1) ...

0
√

2(n− 1) 0 ...
...

...
...

. . .

 (A.3)

and Jz =


n 0 0 ...
0 n− 2 0 ...
0 0 n− 4 ...
...

...
...

. . .

 . (A.4)

These generators of SU(2) correspond to rotation of the sphere around the three
orthogonal axes x, y and z.
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